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PREFACE. 



THE following treatise is designed to present, ns stio 
ciactly as is consistent with a due presentation of the 
subject, the general tlieory of algebraical equations, while 
special attention is given to tho analysis and eolution of 
equations with numerical coefficients. 

The work may bo regarded as a complement to the moro 
advanced treatises on algebra, in wliich tho general theory 
of equations, if discussed at all, is necessarily compressed 
into a space altogether inadequate to a satisfactory exposition 
of this important branch of mathematical study. In order 
to preserve this character of ttio work as a Be(iiicl to ordiiuiry 
algcl)ra, ui;/('bniica1 metliods liavo been carefully adlicred to 
throughout, except in a few articles, in which trigonometrical 
expressions have nnavoidnbly boen introduced. Tho treatise 
may tliereforo be easily read by those wlio haTc passed through 
tlio usual course in algebra. 

Tlio work had its first inception in some vain attempts at 
so modifying Sturm's Mctliod as to lesson the great labor 
attending an analysis by tliat method of most equations of 
above the fourth degree. Becoming convinced that, from tho 
nature of tho case, no such modilication is i>ossible tluit does 
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not impair the certainty which constitutes the chief excellency 
of tlio method, the author turned liis attention to an investi- 
(jjution of tho possibility of a Batiafaotory analysis by means of 
Fourier's Theorem. This he soon saw could be elfccted if, 
by any means, tiie presence of imaginary roots in a given 
interval could bo readily ascertained. The results of this 
investigation are given (Chaj). X) in a method of analysis 
based upon Fouriei-'s Theorem, a method that possesses the 
merit of' at least great facility as compared with that of 
Sturm. 

The method involves, however, an extension of the applica- 
tion of Horner's ^Method, especially a generalization of'lhc 
principle of trial divisors, not given in the great majorl|^y of 
treatise i upon equations. This first suggested the idea of 
writing a sliort account of Horner's Method in which its 
capabilities should bo fully exhibited, with tho method of 
analysis based on that method in conjunction with Fourier's 
Theorem. A natural extension of that idea led to tho present 
treatise, the first upon this subject that, as far as the author 
has been able to ascertain, has been published in the United 
States. 

The treatise, tliough kept within its present dimensions by 
the exclusion of much that had been prepared, will be found 
to contain all the propositions generally given in an elemen- 
taiy treatise upon this subject, with a few exceptions. Thus 
Newton's method of approximation, and that of Lagrange, 
have been excluded, aa being entirely superseded by that of 
llorncr, to which, even in the most favorable cases, they arc 
inferior in symmetry, compactness, and facility. The theory 
of determinants has not been introduced, on the ground that 
a suitable account would require to itself a volume of tho 
dimensions of the present treatise. Tho student desirous of 
information upon the foregoing and other omitted topics may 
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consult Todhnnter's excellent treatise, the best, upon the 
whole, with which the author is acquainted. 

On account of the interest naturally attaching to the sub- 
jcc't, tlio iilgehniiciil solution of c<nuitioiia hiis (Chap. VII) 
been treated of at some length. In Art. 121, 133-116, are 
given some results that may be found of interest, and which, 
it is believed, are now published for the first time. 

A cliaptcr (VIII) has been devoted to Stunn's Theorem, 
thus enabling the student to form for l)imsclf a clear estimate 
of the peculiar excellencies and disadvantages of the method 
of analysis based upon that theorem, and to institute a fair 
comparison between it and the method explained in Chap. X. 

A short chapter on cubic C(iuations baa been inserted, in 
which a method of procedure is given that relieves the solu- 
tion of the cubic from much of its tentative character, and 
reduces the arithmetical labor to a mihimnm. 

To render the treatise more convenient for the work of the 
clasa-roora, the subject-matter lias been thrown, as far as pos- 
sible, into the form of propositions with their dependent 
corollaries. The number of exorcises given will, it is hoped, 
be found sufficient in number to illustrate every part of the 
subject and not so difficult as to needlessly consume time. 

JOHN MACNIE. 
NKWBUKaE, Augu-'it, 1875. 
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ALGEBRAICAL EQUATIONS. 



INTEODUCTIOK 



1. Algebraical equations of the first and second degrees are 
generally fully treated of in elementary works on algebra; 
the student may therefore be supposed to have a knowledge 
of the subject BO far, and to be acquainted with the meaning 
ol" the terms, equation, root, member, &c. The present treatise 
will be devoted to a discussion of the gcnciul theory of alrjc- 
braical equations, and the methods of solution for equations 
of the- third and higher degrees, sometimes called the Higher 
Equations. 

We shall generally express an equation of the n'* degree 
under tlio form, 

C.z" + C„_ia:"-» + . . . . Csz^ + C,a; + C„ = 0, 

in which C^, the cocfTiciont of the r** power of x, is a known 
quantity, positive, negative, or zero. The final term, Cu, which 
may bo regarded ns the coefficient of x", is frequently culled 
the absolute or independent term. 

The equation is Kud to bo complete when it contains all 
the powers of x from a^ to a:", otherwise it is incomplete. 

When n, the exponent of the highest power of x, is r, 
{MDsitivo integer, the equation is said to be rational and inte- 
gral, that is, z does not occur with fractional or negative 
exponents. 
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Thus, 53* + l'7a? — 393^ + 10Cx= ~ 53a; — 17 = 
is a rational iutcgral equation; wliilo 

a? — 23z^ + 53:? + Gx^ _ 7 = 0, 
or cfi — 23V^+ 53^ + gV^—'^I z=: 0, 

is an irrational equation ; and 

72:* — 3x^ + Oar' + 13ar< + 8=0, 

is both irrational and fractional. 

Sinco irrational and fractional equations may always be 
reduced to a rational and integral form (see Art. 57), the 
equations treated of in this work will always bo snpix)sed to bo 
rational and integral. 

By dividing botli mcmbors of an equation by tho eocfTicicnt 
of tbo highest power of x, we obtain it under the form, 

3f + C.-ia;"-' + . . . . azaP + C\x + (7, = 0, 

a foiTn which will sometimes 1)0 found advantageous wlien 
enunciating some of the properties of equations. 

2. Any quantity, real or imaginary, which, when substi- 
tuted for X in the expression, 

C„x' + C„_ia;'-» + . . . . Ciar* + C,x + Co, 

causes tho whole to become zero, is eaid to be a root of the 
equation, 

C^x' + C„.,a:"-' -\- . . . . Cj7?+ C,x + C^ = 0. 

The solution of an equation consists in tlio determination 
of these roots. 

We know that for tho quadratic equation, 

C^x-- + Cia; + Co = 0, 

the roots are expressed by tlie formula. 



X = i(-C, ± VCi»-4r^C„). 

This formula contains the aJgclraical solution of the equa- 
tion of the second degree, in terms of the general symbols 
Cj, Ci, Co. The numerical solution of any given equation 
of that degree we may obtain by substituting in the formula 
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the known values of tho coclTicients. To obtain for tbo higher 
cijuations similar formnliis, cxprcasing tho roots in terms of tho 
coeflicients, was long cousidcicd tho most important problem 
in algebra. But, as will hereafter be seen, no iiucli formula 
has been found for cijuations beyond tho fourth degree, and 
even those that have been obtained for tho cubic and bi- 
quadratic are not always available for purposes of numerical 
computation. 

Yet, though the search for general formulas, to express tho " 
roots of equations of the fifth and higher degrees, has been 
entirely unsuccessful, we are in possession of methods by which 
wo can obtain exactly, when commensurable, or approximate to 
when incommensurable, any root of a numerical equation, that 
is, of an equation having its coefTicicnts known numbers. 
These methods depend on the general properties of equations, 
which wc shall first demonstrate as a ncccscary preliminary to 
the study of methods of numerical solution. 

3. An algebraical expression involving x is often conven- 
iently referred to as a function of x, which may be defuied as 
follows : 

A Function of x is an expression that depends for its 
value on x. 

Thus, 3?, \/x, aa? -^-Ix -^ c, bx^ —tx + 32, are functions 
of X, since their values depend on that of x. 

The symbol for a function is one of the letters /, F, <l>, &c., 
prcfixi'd to tho sytnbdl <if Iho v.-iriubli' ([uantity. Thus, /(.t). 
^''{^)> A{^)> H^')' f{y)y f{^+y)y "-^c., may be used to rejjre- 
scnt any expression involving x or y, or both x and y, it 
being of course undei-stood that, in the same investigation, 
a particular symbol, f{x) for example, shall always denote 
the same expression : thus, if 



/(^) 


= 52H 


— 3x-» 


+ %x> 


+ 1, then 


/(«) 


= 5a* 


— 3a» 


+ 2rt' 


+ 1, 


/(O) 


= 


— 


+ 


+ 1 = 1, 


/{I) 


= 5 


-3 


+ 2 


+ 1=5, 



/(-3) = 5 X (-2)*- 3 X (-2)'+ 2 X (-2)'+ 1 = 113, 
/(3) =5x3< -3x33 -f2x3» +1 = 343. 
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that is, if /(a:) denote a certain expression inyolving x, then 
/(«), /(O), /(3), &c., denote the Bamo expression, or its 
niuneiiail value, ■whca «, 0, 3, &.c., :ir« Biilistitntcd for or. 

4. The Bvmbolg, fi{x), fi{x), . . ■ fi{x), Sic, are often em- 
ployed to denote functions derived from a primitive function, 
/(z), according to some given law : thus, if 

f{x) = Ca;' + C'sx'' + dx"- + O -4- C„, then 
f,{x) = 4^x3 + OQa-! + ^-C,x + C, , 
f.,{x) = 4-3 Cja^ + Z-^-CiX + 'ZC\, 
fj(x) = i-3-%-C\x + d-2-C3, 
f,{x) = 4 3-2-(7,. 

In this example the law of derivation is that each function, 
after the first, is derived from that preceding, by multiplying 
each term by the exponent of x in that term, and then dimin- 
ishing that exponent by unity. When derived functions are 
mentioned, it is generally functions derived from a primitive 
function, f{x), according to the foregoing law, that are meant. 
The funclion denoted by fi{x) is called the first derived func- 
tion of f{.x) ; f{x), again, which is the lirst derived function 
of fi{x), is the second derived fxinction -of f{x), and so on, 
fr{x) denoting the r"' derived function of f(x). When f{x) 
is of n dimensions, there may evidently be n derived functions. 
The w"" derived function f„{x), though independent of ,t, may 
for convenience bo included among the derived functions, as 
being derived from f{x) by a repetition of the process by 
■which the preceding functions were obtained. 

EXERCISES. 

Write out the derived functions of each of the following 
functions; and find the, values of /(O), /(I), /(2), /(3). 



1. 


/(^) 


= 


a^ + 7a-» + 8x3 - 


lOx- 


■13. 


2. 


•f{^) 


= 


3z' + 13x* — 8x^+ 18. 




3. 


n^) 


= 


^ — 13z* + 29zs 


— 52r« — 16. 


4. 


/(^) 


= 


a?-8xT +7x^- 


Qx? — 


52^ + 4. 



5. Find the r"' derived function of 

C„x-' + C^ix"-^ 4- . . . . C.ar" + CiX + Q. 
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CHAPTER I. 

FUNDAMENTAL PEOPEETIES OF EQUATIONS, INDEPENDENT OP 
THE PEINCIPLE THAT EVERY EQUATION HAS A ROOT. 

R, Tho most fundamental proposition respecting equations 
is that proved by Cauchy's Theorem, Chap. 11, namely, that 
every equation has a root Some important propositions may, 
however, ho proved independently of that theorem ; and 
others, again, arc nccessarj' as an introduction to it. These 
form the subject of tho present chapter. 

6. Prop. 1.-7/ f{x) = C„x" + C,-i^-' + . . . . dx" 
+ CiX + Co, be a rational integral function of x, then any 
term C^x', that occurs, may he made to contain the sum of all 
the terms that foUoio it, as often as uc please, by taking x 
large enough. 

Lot k be tlie numerical value of tho greatest coefficient that 
follows Cr , the sum of all the terms, CV-i a^~'+ G^2'X'~^-\- • ■ • •. 
CiX -{■ Co, that follow CrX', cannot be greater than 

k (a;"--* + xr-- + . . . . a; + 1) 

x'—\ 
that is, than k • . The quotient of Cr x' by this is 

~i/ vT ~ T.7i h ' -'^^ numerator of tins expression 

may be made as great as ■\7e plca.?c, and tho denominator as 
near to k as we please, by taking x largo enough. 

Cor. 1. — By putting x = - , the function becomes 

rr{C. + C^-xy + C,f-' + Co2/"). 

in which any term may, as above shown, be made to contain, 
as often as wo please, the sum of all the terms that prrce'k it, 
by taking y great enough, that \b, by taking z small enough. 
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Cob. 2. — Wlicn x is largo, tlio term in f{x) containing tho 
highest power of z is the most important, and vice versa. 

Ex.— If /(a:) = 3ar' —Tx^ — 5x? + 8x +11, 
then /(lO) = 3 X 10<— 7 x 10'- 5 x 10=+ 8 x 10+ 11, 

in ■which the first term greatly exceeds the sum of qU the 
remaining terms in \alue ; and in 

/GV) = 3 (,v)* - 7 ihY - 5 GV)' + 8 (,V) + 11, 

tho last term exceeds the sum of all the preceding terms. 

7. Prop. II. — To deterrnine the form that f{x) assumes 
when X + y in put for x, (hat iK, vhcn x is increased or dimin- 
ished hj nny quanUty y. Lot 

/(.r) =(7„x» +C-ia;""' +..C^x' + Cia;+ C„; then 
f{x + y)=C,.{x.^yY+ C„.^{x+yy-^ + ..Ci{x+yY-V C\{x+y) + C„. 

Exjumding tho different powers of x + y in this Bcrlcs, hy 
means of the Binomial Theorem, and arranging the result 
according to ascending powers of y, we obtain, 

f{x + y) = C„x" + C„_iaf-' + . . . . C^a;' + C,x + C„ 
+ y i 72C„a:-i + („_l)C„_,a,-'-» 

+ X'j,i(n_l)C„z"-» . 

b ^ +(«_!) (»-^2)(7„-,x"-» + ....2C4f 

+ g\nin-l){n-2)C„z"-' ) 

li <- +(«-l)(n-2)(7i-3)C„_,a:"-^+..3;2-C',j 

+ , 

+ f^n.{n-l)...{n~r + l)Cn^-^ . 

IL ^ +{n-l){n-2). .{n-r)C,.,af-'+ . ■\rCr'^ 

+ • • • • 



+ 



Si^'^-Y 
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Thus we see tliafc the development of f{x+y) is & scries 
of tho form, 

P+Qy + n^ + s^+ c„r, 

where P, Q, R, &c., represent the compound coefficients above, 
imd are all functions of x. 

Tho first of the coefficients P, is evidently tho origin::! 
function f{x). The second coeflicicnt Q, is derived from /' • 
by multiplying each teim in P by the exponent of x in that 
term, and then diminishing tho exponent by unity, that is 
(Art. 1), Q is tho first derived function of f{x), wliich we 
denote by fi{x). li, in liko manner, is the second derived 
function fi{x), S is tlio third derived function fi{x), and soon, 

fr (x) beiug the coefficient of -r— . 
Employing this notation, we have, 

1 ^ ' 

where :— /„ (a;) is evidently C'„ . 

By the student acquainted with the DifTcrential Calculus, 
this expression for f{x + y) will be recognized as a pjirticular 
application of Taylor's Theorem. 

8. Prop. III. — 1/ in the function, 

f{x) = C.a;- + C„_,ar-i + . . . C^t? ^ CyX + C„, 

X vary continuously from a to b, then will f{x) vary contin- 
uously from f{a) to f{lj). 

For let c be any value given to x between a and b, then 
f{c) will bo the corresponding value of f{x). Let c -\- h . 
be another value of x, then. Prop. U, J 

/(C + /0 =/(c) + /,(c)/. + .A(r)|^+ . . ./,_.(,)jir! +/,(c)^". 

Now, Prop. I, Cor. 1, by taking h small enough, tho first 
term of the above series, after /(c), that docs not vanish, may 
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be made to contain the terms that follow it, as often as we 
please, and this term itself may be made as small as ■we please; 
that is, f{c + Ji) may be made to differ from /(c) by a quan- 
tity as small as we plca?c. 

Ucuce, if in a function f{x), x be supposed to pass in suc- 
cession through all the values from a to S, the function will 
also pass through all the values from f(a) to /(J), seeing that 
whatever intermediate value /(c) it may have, we may find 
anotiier as near to it as we please by making a suitable change 
in the value of x. For example, 

Let /(x) = ^— 18z« -F lOla; — 180, 
then /(I) = 1—18 -f- 101 — 180 = -96, 

/(lO) = 10' — 18 X 10' + 101 X 10 — 180 = 30. 

Hero we see that for a; = 1, the value of the function is 
— 90 ; for x = 10, the value is 30. What the proposition 
asserts is that the function may bo made to pass through all 
the values between — 90 and 30, by giving to x all the values 
between 1 and 10. It is not asserted that the function is al- 
ways increasing in this interval. In point of fact, this particu- 
lar function will, on trial, be found to be sometimes increasing, 
and sometimes decreasing, between the limits — 96 and 30. 

9. Prop. IV. — If in the equation, 

f{r) = C„n- + C„_,x-' + . . . . Cjrs + Cia: -f- Co = 0, 

two nnmlers, separately sulslitutcd for x, give remits with 
contrary signs, one root, at least, of the eqiialion must lie 
between these members. 

Let a and b denote the numbers. Then, since, by suppo- 
sition, f{a) and f{h) have contrary signs, and. Prop. Ill, as x 
increases continuously from a to b,f{x) must pass continnonsly 
through all the values from f(a) to f{h), one of these values 
must be zero, as a scries of finite quantities cannot puss from 
one sign to another, without passing through zero. 

10. In the example given in Art. 8, we found /(I) = — 9G, 
/"(lO) = 30. r>y the present tltcorcm, (here must be, there- 
fore, at least one root of the equation ^ — 18x' + 101a; — 180 
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= 0, bctweeu 1 and 10 ; it may be readily ascertained that 
there are three. Again, though for /(I) we obtain — 90, and 
for /(6), the value — 6, we must nob conclude that there is 
no root of the equation between 1 and 6; there are in fact 
two. 

11. Prop. V. — Every equation of an odd degree has, at 
least, one real root, of a sign contrary to that of the final 
term. 

In fix) = Car" + C„_,ar-i + . . . C,7?+ C,x +C,= Q, ■ 
suppose n to be an odd number. 

When we put a; = 0, the function- reduces to the final 
term Co , and has the sign of that tcnn. By taking x large 
enough, we may, Prop. I, make the first term C^af greater 
than the sum of all the remaining terms, and the function 
will have the same sign as x, which sign may bo taken contrary 
to that of Ci . 

Since, then, /(O) has the sign of Co, and f(a), by taking a 
large enough, and of sign contrary to that of C„, has the con- 
trary sign, there must. Prop. IV, bo a real root of f{x) = 
between 0, and a, that is, a root of sign contrary to that of the 
final term Co . 

Ex.-.l. 13? + 23z« — 16^2 + 8s + 19 = 0, 
must have, at least, one negative root 

Ex. 2. x' + llx* - 105a-« + 373; - 301 = 0, 
must have,. at least, one positive root. 

iS5. Pkop. VI. — .Every equation of an even degree, having 
ihs final, term negaf.i.ve. has, at least, two real roots, one of 
each gign. 

'.Let the equation bo, 

/(.r) = C,«» + C,_x2"-' + . . . . CjX' + C,x + Co = 0. 

When a; = 0, t!ic function is negative, by hypothesis, and 
when X is taken largo enough, the function is positive, wliethcr 
X is positive or nogativo, since «" is of even degree. The 
equation haH, thi.ri:!'urc, at least two roots, one between zero 
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and some positive number, the other between zero and some 
negative number. ^- . 

Ex. 03? — 13z« + 23a:» + IZx' — 19z= _ 6G = 0. 

must have, at least, two real roots, one positive, and one 
negative. 

I'J. If wo could now prove that every equation of an even 
degree, with its final term positive, has a root, we should hive 
established the general proposition that every equation has a 
root, the basis upon which the whole of the subsequent theory 
of equations may bo cstablislicd. To know, however, that 
every equation has not necessarily a real root, wo do not 
require to go beyond the lowest of equations of an even 
degree, that is, quadratics, which may not have any real root 
when the final term is positive. The question, accordingly, 
narrows down to tliis, Have all equations of even degree, with 
the final term positive, roots, if not real, imaginarj', similar to 
those obtained for equations of the second degree ? The 
investigation of this problem will be given in Cliapter 11. 
Before proceeding to that part of the subject, we shall prove a 
few propositions which arc independent of the results of that 
chapter. 

14. PitOP. VII. — If a function f{x), and the successive 
quotients arising from the division, be divided by z — a, the 

remainders, in succession, will be f{a), fi{a), jx-fiia), .... 

1 '" 

^/-.(«). 

Let the function, which we shall suppose of the n'" dcgi-cc, 
be divided by x — a. As the divisor contains only the first 
power of X, we shall evidently arrive at a remainder independ- 
ent of X, and the quotient, like the dividend, can contain only 
positive integral powers of x. Denoting the quotient by Q, 
and the remainder by Ji, we have 

fix) = {x-a)Q+ /.'. [1]. 

If Q, which is a function one degree lower than /(ar), be in 
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its tarn divided hy x — a, then, denoting the quotient by Q, , 
and the remainder by i?, , wc have 

Q = Q,{x-a) + R,. [2]. 

Substituting this value of Q in [1], wo obtain 

f(x) = Q,{x-ay + ll,{z-a) + 7?. 

By continuing in this manner to divide each Bucccssive 
quotient by z — a, and substituting its equivalent for the 
symbol for that quotient in the preceding identity, wo evi- 
dently, after n divisions, ehall obtain as quotient the simplo 
factor C'„, the cocflicicnt of tlie first tenn of f{x), and have 

fix) = C'„(z-a)" + ^„-i(a;-«)"-"+ • .B2{3:-ay + Ei{x-a) + R. 

In this result, putting y = x — a, we have 

f{a + ij)=C'^y'' + Ji„.,y"-'+...E,rf + R,y + R. [3]. 

Now, by Art 7, we have, writing the terms in reverse order, 

f{a+y) = (7„j/"-|--l-^/„_,(a)y->+ . . .^Ma)f+A{a)y 

+ /(«) [4]- 
As the coefDcients of equal powers of y in these identities 
must be equal, we find 

Ii=f{a), n,=Ma), A=i-/,(a),....;?„_.=^-/„.,(a); 

that is, the successive remainders arising from (he division 
hy X — a of f{x), and (he successive quotients, toill he, first, 
f{a), the value (f the function when a is put for x ; second, 
fi{a), the value of the first derived function of f{x), when 
a is put for x, and so on. 

15. CoK. 1. — A function, f{x), is exactly divisihle hy 
X — a, if a is a root of f{x) — 0; for then f{a) — 0. 

IG. Con. 2. — Conversely, if f(x) is r.rarlty dirisil/h hy 
X — a, then a is a root of the equation f{x) =0; i. e., 
f(a) = 0. 
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17. In tho next proposition v.'ill bo given a convenient 
proccja for finding the eucccssive quotients and remainders 
■wii.hoiit actual division. Yet tw tins proposition is of con- 
siderable practical importance, being the basis of Horner's 
Llethod, tlio student would do well to work one or two exam- 
ples by dividing in the usual way, and compare the Bucccssivo 
remainders with the results obtained by actual substitution in 
tjic primitive and derived functions. 

Thus suppose we take tho function, 

f{x) = Z3? — 13x^ - 2ly? + 10z« + 91x -f 425, 
then, fi{z) — lb:c* — :^\lj? — GSx^ + 20x + 91, 

^fi{x) — 30^5 — 78z= — C3s + 10, 
^f^{x) = 50x3 _ C2x - 31, 
l/.(a;) = Vox - 13, 

^/.(^) = 3. 

If now wo divide f{x) by z — 3, we obtain as remainder 
— 103, which is the value' of /(3), t. e., of the function when 
3 is put for X. If wo divide the firet quotient by x — 3, we 
obtain as remainder — COS, tho value of /i{3), and so on with 
the other remainders. 

EXERCISES. 

18. Prove by division that 

3 is a root of :^ - li? ~ SSa; -f 132 = 0. 

5 " « of 43^5 — lla:« -1- 20a; — 11225 = 0. 

6 « " of 3^8 — 25a;3 — 1358a? — 1G25328 = 0. 

19. Prop. VIU.— jTo yi«cZ the quotienl and remainder 
w7tcnf{x) = C„of + C„-,a;"-' + . . . . C,3^ + C,.t + C„, 
is divided by x — a. 

Supposing the division to be performed till we arrive at a 
remainder independent of .r, and denoting the quotient by Q 
and tho remainder by /', we have 
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f{x) or C\u^ + CUa"-' + . . . Cia^ + C'lS' -h Cj 

= {x-a)Q + U. [1]. 

By Art. 14, wo know that R = /(«), tlif\t is. 

C„a" + (7„_ia"-'+ .... Cj«' + C,a + (7, = 7?. [2]. 

Subtracting [2] from [1], wo have 

C^iaf-a") + <7„_,(z'-'-o'-') + . . . . Ci(7?-a?) + C,{x-a) 

= {T-a)Q.' 

Tho binoir.ials x" — a", x"~^—a"~\ &c., lire uU divisihlo by 
a; — a, aa proved in elementary algebra. EfTecting the di- 
vision, wo obtain, 

Cr(»""' + ax"'- + HX"-' + . . . . a''-'^x +■ a""') 
+ C„.i{x"-- + ar-^ + . . . . a"-') 

+ 

+ C^ix+a) 
+ C\ = Q. 

Arranging this result according to powers of x, we have 
(7„ :r"-> + ( C?„ a + (7„-0 ^'-' + ( CU' + C„., a + C,.^) a^-' 

•+ ( Cn a"-' + C'„., a"-' Jr----CW+C^a+C,)z=Q. 

Thus wo find that, in the quotient of /(a) hy x — a, the 
coefficient of the first term is C'„ , and the remaining coefficients 
are formnl in .yucccssion ly miiliiplying each term in the 
precediny coefficient hy a, and then adding in the corre»pond- 
ing coefficient of fix). 

20. TJpon examining the final coefficient of Q, namely, 

O.ar'- + C„,ia-^ + . . . . C^a^ + Ca + C, , 

we Bee that by applying the proccs-s to this coenicient also, 
and adding in Co , wc obtain 

O" + C'^i«"-' + • • . . Cy Ar C,n^ + (7,rt + Co» 

which, as before shown, is the remainder, f{a). 
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21. By this process the operation of division, so tedious by 
the usual moihod, is reduced to an operation both eimjile '<nd 
compact. In praelico ■\vo proceed as follows: "VVo arnuige the 
cooOicicnts of the function to be divided in a liorizoiitnl row, 
Bupjilying by zeroH the coellicieiilM of any tcnns that may bo 
absent Supposing x — a to be the divisor, we multiply the 
lifBt cnoniciinit of tbo fum-ruin by a, and add in tb.o Bccond ; 
\ve multiply this result again by a, luid ai.ld in (lie third 
cocflicicnt, and so on till we have added in the last coefficient. 
The final result will be the n.'mainder, which, as we liavo scon, 
is also tlic value of the function when x =z a. The preceding 
results will bo the coenicicnts of the quotient, in order, with 
their proper signs. The lirst cocilieient of the function, which 
is also that of the quotient, wo supply from the left hand of 
the upper row of cocllicicnts. 

Ex. 1. — Required the quotient and lemainder arising from 
the division of 

a;7 _ 5.1,^ + I9a;5 _ 332:^ — C3a:!' +- 982^ + 733; + 43 
by the binomial x — 3. 

Wo proceed as follows : 

1 _ 5 4- 19 — 32 — 63 + 93 + 73 + 43 |_3_ 
3 — C + 30 + 31 — 120 — 8 4 — 33 

"ITariinJTin da _ ^8 - li + 9. 

Hero the quotient is 

a< _ 2x5 + i3a.» + 7^:3 _ 42^* — 28a; — 11, 

and the remainder is 0, which is also the value of the given 
function when a; = 3. 

Ex. 2. — Required the quotient and remainder arising from 
the division of the function 

5a:S _ 4(;Ga:» — Z'iW — 760a;3 — 14237* — 370, 

by the binomial x — h. 

5 4. + - 4C0 - C37 - 700 - 14',! + 0-370 |_G_ 

25 + 135 + 635 + 795 + 790 + 150 + 40 + 300 

35 + 125 + 159 + 158 + 30 + 8 + 40 - 170 
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Here tlio quotient is 

Bx' + 'Z:,j^ + 12:,3^ + icyox* 4- 158ar> + 30x> + Sx + 40, 
and the remainder is — 170. 

22, By uppljing the same process to the first quotient, we 
obtain a secoud quotient, and a second rensaindcr, which, as 
uliown in Art. II, \h tho value of /,(./) fur r ts; o ; fiutii (lie 
secoud quotient, in like niauncr, we obtain a tliird quotient 
and a third remainder, which is tlio vahic of ^/^{x) for x — a, 
and so on. Tiiis will bo more fully illustrated in Art. CO. 
As the process thus has its most useful application in findinp 
tho value of a given function for un a.-isi;.;Med \aluo of x, no 
shall give a few 
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Evaluate the following functions ; 

1. 3? — Tar' + 4.32;5 — 78x-2 + 103ar — 260, for « = 3. 

2. 8.r« + 1.3z» — 90x< — 2i",3f> — ZQlx' + l<)lx + C^S, fur 
= 4. 

3. hr? — C4G.I* + 490.7-* — ICO2; — 121, for a; = 5. 

4. xs + IZj? + oOSr^ + 1059 c + 1875, for a: = — 2. 

5. sfi — 73:c« + bix* — 93^! + 101, for x = 11. 



le 
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CHAPTEE II. 

IMAGIKART EXPRESSIONS — CAUCHT'S TnEOEEM. 

23. As before adverted to (13), we need not extend our 
inquiries beyond oqtiiitions of the weoiid drfjree to lind timt it 
cannot be suid, generally, that every equation has a 7ral root. 
We find, in fact, that when certain relations exist among the 
coefficients of a quadratic, wo obtain as roots, not real quan- 
tities, but expressions of the form a + b V — 1, in ■which b 
is not zero. TlioTigh these, when substituted for x in the 
given equation, cause it to vanish, and are thus roots by defi- 
nition (2), yet us tliey indicate operations to ■which no arith- 
metical meaning can be attached, they have received the name 
of imaginary, or, perhaps more appropriately, impossible roots. 

AVo propo.ie in the present chapter to sbo-w that every equiv- 
tion has a root of the form a + b V — 1, in whicli a and b 
arc real quantities, positive, nc^'iitive, or zero. When b is zero, 
the root is real, in all other cases imaginary. 

24. Since these imaginary expressions are cf constant and 
unavoidable occurrence in the theory of equations, it may be 
found convenient to give a snmm.ary of the chief results arising 
from the conventions adopted i~i regard to them. 

The first convention is that wc regard ± V— "^ as equiva- 
lent to ± a V^-^l, since thus ■we introduce but one imaginaiy 
symbol into our investigations, namely V — 1- The ■whole 
expression a 4- SV — 1, consisting of a real part a, and 
another real part b aflcetcd by the sign of an impossible 
opcni,tion, ■R'c consider us imaginary on account of the presence 
of this latter part. "We also regard such terms as b ^'^ 1 as 
subject to the ordinary rules that govern algebraical trans- 
formations. 
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r, 



2r>, From thcao convcntious wo obtain the following 
rosulls : 

I. The snm or difference of expresdons of the form 
A + B V — 1, have tho same form ; thus, 

{a ± hV^) ± («' -t- )>V^^) = 

whicli is of tho fonn A -\~ B V— 1. 

II. The product of cxprcs<'ion3 of tho form A 4- B^—1 is 
of tho same form ; tlius, 

{«±iV^) X («'±5V^) = {aa'-lli) ± {a'b + a?y)V^' 

III. The quotient of one expression of the form A+BV—li 
by another of that fonn, ia still of tho tamo form ; thus, 






{a ±lV^^){a'Ti'^ 



1) 



(«' ± b'V- 1) (a' T b'V- 1) 

{(r.n'_±J>I/)_ ± (a 'h — ah' ) V^ 

which. is still of tho given form. 

2G. From the result obtained in II, wo infer that any 
positive integral power of c + J V — 1 is of the same fonn ; 
and may thence infer that if a + 5 V — 1 be substituted for x 
in a rational integral function of x, whether the cocfTicients 
be all real, or any of them imairinarj', wo shall obtain, an ex- 
pression of the form P + Q V— !• 

27. Two imaginary expressions a + JV — 1, and a—lV—l> 
which differ only in tho sign of the imaginary part, are said to 
bo cnnjvgatc. 

Hence the snm .and the product of two conjugate imaginary 
cxpressiona arc real. This wo sec exemplified in the imagi- 
nary roots, a + Sv'— 1, and a — J^/— i, of a quadratic, 
their sum ?.a, with changed sign, being the coefficient of x, 
and their product, ifi + V, the final term. 
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'Z3. Tho positive value of the squiirc root of this product, 
that is, Va^+ ^, is called the modulus of each of the ex- 
pressions a + J V^^, and a — b V^l. The modulus of a 
real quantity is, by the above definition, the positive value of 
the quantity itself. 

When, for any purpose, M-e desire to compare imaginary ex- 
pressions with each other or with real quantities in regard to 
magnitude, this can bo done only by comparing the moduli 
of the cxprcssione. 

39. In order that an imaginary expression be zero, it is 
necessary and sufficient that its modulus bo zero : for in order 
that Va^ + V^- may bo zero, we must have a — Q, and S = 0. 

30. Tho product of two quantities has for modulus the 
product of their moduli ; thus, 

(a + 5 ^/^^l) [a -H 5'\/^) = 
{aa! — hi') + {aV + fl'5)y31, 

and the modulus of this is, 



which is the product of the moduli of the original expressions. 
In a similar manner it may be shown that the modulus of 
the quotient of two quantities, is the quotient of the modulus 
of the dividend by the modulus of the divisor. 

31. If we raise V — 1 to the second power, we obtain —1 ; 
this multiplied by V— 1, gives the third power — V— 1 ; 
This again multiplied by V— 1, gives the fourth power -1- 1. 
Upon proceeding to liigher powers, we obtain a recurrence 
of the preceding results, V— 1, — 1? — V— 1, -f- 1- Every 
whole number must be of one of the four forms, 4r, 4r -f 1, 
4r + 2, 4r + 3, since, when divided by 4, it must leave as 
remainder, 0, 1, 2, or 3. "Wc have, therefore, all possible 
integral powers of V— 1 in the four forms, 

{'/ZriY = 1, ( V=l)^'+' = V^h ('/^n)^+2 = -1, 

(vcri)<'+s - _ ycn. 



IMAGINARY EXPUESSIONS. 19 

32. In elcmenbr}' algebra is givea tlie formula for the 
squaro of an exprossion of the form a + b V-- 1> 



From this -vre may obtain the square roots of ± V— 1, by 
patting a = 0, & = ± 1. Thus we obtain 



1 = ± 



V2 ' *^ V^i 



33. Before proceeding to the general proposition that 
evciy equation has a root, it will bo found convenient to 
discuss certain equations of very simple form. 

Prop. 1. — Eaxh of the cqnalions, 

a:" = ± 1, ■ XT z= ± \/^, 

has a root, real or imaginary. 

I. a:" = 4- 1. This equation evidently has a real root, 
whether n be an odd or an even number, since a; = 1 satis- 
fies it in either case. 

II. af = — 1. When n is an odd number, this equation 
is obviously satisfied by a; = — 1. 

When n is an even number, it must be of the form 2m ; 
that is, wc may put the equation under the form y^ = —1. 
Taking the square root of both members, we obtain 
J/" = ± V— 1> an equation of the forms wc are about to 
consider. 

III. a-" = + V— 1- When n is an odd number, it must 
be of the form 4r+l, or 4r + 3. In the first case, 2-= + V— 1 
is a root, since (31), (+ '/ZTiyr+i _ ^ V— 1; in the 
second case, x = — V— 1 is a root, since (— V— I)*'"''' 

When n is an even number, it must be cither some power 
of 2, or some power of 2 multiplied by an odd number. 

In the first case suppose n = 2", that is, put the equation 
under the form i/'" -.- + v'—l. We can now obtain a 
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value of y by m successive extractions of tho sqnaro root, 
Tvhich (32) -ffill yield a rcsnlt of the form a + Jv"^^. In 
tho second case suppose n = mp, where «i'is an odd number, 
and p sonio power of 2. By pulling _?/ = a;'", tho equation 
miiy be put under the fonn y" = + V~l, a root of which, 
as shown above, must bo y = ± V— 1, or a:'' = ± V— -1, 
the ujipcr sign being taken when m is of the form ir + 1, 
the lower when it is of tho form ir + 3. We can now find, 
as above, a root of .r' = ± V—l, p being a power of 2. 

IV. a;" = — V— 1. Proceeding as in III, we find, when 
n is odd, X = — V— 1, or + V— 1, according as 7i is of 
tho form 4r + 1, or ir + 3. When n is an even number, 
wo may put it equal to mp, m being an odd number, and p 
some power of 2, and so find a root of the form a + hV^. 

Thus, in every case, an equation of any of tho given forma 
has a root coming under the general form a + h V — 1. 

• 3-i, Prop. n. — Every rational integral equation has a 
root of the general form a -\- 1) V— 1. 

Lot f{x) = Cx" + e„.,af-' + . . . . Cjx^ + Ci.r + Co, 

in which tho coonicients C„, C,^,,....Ci, Co, maybe either 
real or imaginary. 

If, in this function, we substitute a + h V— 1 for x, 
a and b being real, wc shall obtain (26) a result of the form 
P + Q V~ Ij P and Q being real. Now, in order that 
a + b V— 1 may bo a root of f{x) = 0, this result must bo 
zero, that is, P and Q must be simultaneously zero, and there- 
fore the modulus V"/^ + Q^ also zero. It is required to show 
that some value of a + J V— 1 must exist, for which 
VJ^^+ <2' becomes zero. For, if it could not become zero, 
there would be some value below which it could not be dimin- 
ished. But it will be proved that whatever value of VP^+ Q~< 
dilTercnt from zero, can be obtained, a value still smaller can 
bo obtained by making a suitable change in the expression 
that is substituted for x in the function. Vl^ + Q% tberc- 
foTc, must be capable of becoming zero for some value of 
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a + h V — I, that is, the function mnst become zero for some 
■ralue of z. 

Let us suppose that for some assigned value of x, as 
a; = fl + J V— 1, ■wo obtain 

fix) = p+qV^H. [1] 

in which P and Q arc not both zero. 

If WG change a + b V— 1 to a + J V— 1 + h, that is, 
X to z + h, we have, Art. 7, 

f{x+h) = fix) +f,i:c)k+f,ix)h^^+ . . . .Aix)h^~. [2]. 

In [1] wo have, for a; = a + 5 V^, fix) = P+ Q-/^ ; 
for this vaUie of x some of the derived functions fiix), fiix), 
&c., in [3] may possibly become zero, but they cannot all be- 
come zero, f„{x), at IcuBt, ■wliich (7) docs not conlnin ,r, must 
remain. Suppose /('" fo be the lowest power of k whose co- 
efficient docs not vanish in [2], Having denoted the value 
of fix) by P + QV'^^1, so we may_put P' + (?V— 1 for 
the value of fix+7i), and Ji + SV— 1, in which Jl and S 
are not both zero, for the value of that derived function wliich 
is the coefficient of /*". 

Substituting these values in [2], wc have, 

F+ Q'V^^l = iF+QV^) + iR + SV^l)7i^ 

+ terms in h"+', 7r+^ &c. [3]. 

As we may assign any value we please to h, wc may replace 
it by Id, where k is a real positive quantity, and I is such 
that (33) t'" may be +1, or —1, as ve choose. Hence wo 
can make P' + Q'V^^ = iP+QV^^l ± iR + SV'^)l-"' 
+ terms in higher powers of k. 

In such an equation the sum of the real terms in one mem- 
ber must bo e([uai to the sum of the real terms in the other, 
and the imaginary terms in the one to the imaginary terms in 
the other : 

.-. P' = P ± Pik" + terms in Ar^+S k'^+\ &c. 
Q' = Q ± Sk"^ + terms in ^^^S k'^+\ &c. 

.-. P'^ + Q'' = (P^ + <?) ± 2 (P/B -f- QS) IC + other 

terms in k"^^, &c. [4]. 
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Now h may be taken so email that (Art 6, Cor. 1) Ibe siim 
of all tlio terms after P^ -\- Q^ will have the same sign as 
2 {PR + QS) /.•■», provided PJl + QS ho not zero. 

First, supposing PR + QS is not zero, then the sign of 
{P'^+ ()'3) _(P2+ Q'~) is the same as that of ± 2 {PR+ QS)l-", 
whca k is taken small enough, and this sign we can always 
miiko negative by taking t such tliat <"' = — ], when 
PR + QS is posilivc, and via: versa. We can thus always 
make P'-^+Q'^ less than F> + Q~. 

If PR + QS be zero, then wo choose t so as to make nega- 
tive the fii-st term after 2{PR+QS)k'" that does not vanish 
in [i], and as before wo obtain (P'^ + Q'^) — {F^ + ( ?) - a 
negative quantity, that is, we iiavo -v/P'H C>'^ < V>+^. 

Thus, whatever be the value of the modulus '>/!"■ + Q^, a 
modulus Vi""* + (^'^ of smaller value may be obtained by 
making a suitable change in the expression that is substituted 
for X in /(a') ; there must, therefore, be some expression which, 
substituted for x, will make the modulus zero. 

135. Prop. III. — The values of a and I in Ike expression 
It -'r h V— 1) ti'liich, when put for x in f{x), causes it to 
vanish, are finite. 

We may write f{x) as follows : 

Substituting a +J V— 1 for x in the second member, it 
becomes, 

C7„(a + 5V^l)''|l + -— %V=?;+ ^"'' 



(7„(a + 5V-l) C„(« + JV^1)» 

+ .... ^^L-_-|. 

Selecting any term from the series within the brackets, the 
third, for example, wo have, 

C,.(a + hV'-^^ 6'„ (a5 H- /!^)' 

_ C aa^-¥) 2C„. ,abV--l _ ^^ 



C„{a^ + l^y C„{a^ + Ifi}^ 



IMAOINAKY EXPRESSIONS. 23 , 

In this it is obvious that A und B diminish ivithout limit, 
us a and h increase without limit. Denoting tho value of 
/(«), [oi X =za + b V^l, hy P+Q V— 1 ; we have 

P+CV^^ = C„{a + b'/^iy{l + A'+B'V'^^\, 

in which A' and B' diminish without limit, as a and b 
increase -without limit. lu the same way wo Ijavo, for 
X = a — b V— 1, 

P - gv^Hl = c„{a-bV^Y \ 1 + A'- B'y/'^^l \ ; 

.". p2 + <? ^C}{<jC-^vy ■|(i + ^')' + //' \. 

Tliis result increases without limit, when a and b increase 
witliout limit ; for tlicn tlio factor {a- + ¥)" increases witliQut 
limit, and the factor \ (1 + ^')^ + B"^\ tends towards unity, 
as A' and B' decrease without limit. Thus the modulus 
Vi'^ + Q"^, cannot become zero when a or b, or both of 
them, are indefinitely great. 

By tho pr(..;i.'nt, proposition, therefore, in conjunction with 
that 01 Art. 3^, we find that every rational integral equation, 
whether its cocflScicuts be real or imaginary, lias a root coming 
under the general form a + 5 V — 1, where a and b are finite 
(juantities, either, or both, positive, negative, or zero. 

An irrational equation, as, for example. 



Va: — 4 — \fx^ 1 — 1=0, 

may be incapable of being satisOcd by any quantity, real or 
imaginary, if wo regard tho signs of the roots indicated as 
being contvolled by the plus and miuns signs prefixed. The 
above equation, when rationalized and solved in tho usual 
, manner, gives a; = 5, a value that docs not satisfy the pro- 
posed equation, but does satisfy tlic equation 

— v'.T-4 + Vz-l — 1 = 0. 
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CHAPTER III. 

OENEEAL PROPERTIES OF EQUATIONS, DEPENDENT ON THE 
■PRINCIPLE THAT EVERY EO.UATION HAS A ROOT, 

, 3C. Prop. I. — Every equation has as many roots as it 
has dimr.nsiims, and no more. 

Let /(a-) = C. uf + C„., ^-'+...CW+Cix+Co- 0, [1] 

bo an equation of the 71"' degree, it lias n roots, and no more. 
By Art. 34, f{z) = has a root Oi, real or imaginary, and is 
tlicreforo (IT)) divisible by x — a,. Ilcnco %vo nu-y put, 

f{x) = {x-a,)<p,{x), [3] 

where </>, (x) is a rational integral function of the (n — 1)'* 
degree. If (pi {x), again, bo equated to zero, it must also have 
some root a^, and in, therefore, divisiljle by x — «j, bo that wo 
have 01 (a.) = x — X2)<pi{x), where rpiix) is a function of the 
(« — 3)'* degree. Sulwlituling this value of (p, (x) in [3], wo 
have, 

fix) = (x-a,){x-a,)M^). [3]. 

In like manner, (p2{x), equated to zero, has some root a,, 
and has, therefore, a binomial divisor {x — a^), divided by 
which it will yield as quotient a function of the (« — 3)'''' de- 
gree, which we may denote by (p^ {x) ; we have, therefore, 

f{x) = (x-a,) (x-aj) {x-a,)'p,{':). ' [4]. 

It is evident that n. continuance of the process will ]cv\ 
at la.Ht to the niniplo f:ictor 0„, and that Uicro must bo n bi- 
nomial factors (x—ai), (x—a-j), . . . {x—a„) ; therefore 

f{x) = C^{x—a:){x-a3){x—ai) . . . {x—a„) = 0. 

Hence the equation f{x) = has n roots, since the func- 
tion vanishes when anyone of the quantities Cj, Oo, ctj, . . . 
On, is put for X. 
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Nor can tlio cqiiaUon Imvo moro tlian n tooIb; for wlicn we 
put for X a quantity }, ■which is not one of the quantities 
fii «j, flj, . . . «,, we have 

f(b) = C„{i-a,) (b-a,) (b-a^) . . . {b-a„), 

the second member of ■whiclv cannot bo zero, sinco none of th' 
factors is zero. 

37. Observe that it is not assorted that the n roots ai, ai, 
<h, . . . Cu, of an Cfjuution of tlio n" degree are necessarily 
diUcreut; Bomo, or all of them, muy ho ciiual. Wliut tho rea- 
soning shows is that tho first member of an equation of the 
n"" di;^'r('i- may bo reHolved into tho jirodiuit of n blnonuiil 
factors, each of which, equated to zero, will furnish a root. 
It is found convenient to say that tho equation has as many 
roots as dimensions, without regard to tlio relative magnitudes 
of the roots. 

38. CoE. 1.— From this proposition it is evident that, when 
a root B, of tho equation f(pr) := is known, wo can obtain 
an equation containing all tlio remaining roots, by dividing 
f{x) by X — fli, and equating tho quotient to zero, which 
latter equation is of one de;;reo lower than f{j-) =: 0. When 
two roots, fli and az, arc known, we can, by dividing f{x) 
successively by {x—ni) and {x—a-^, or at onco by their product, 
obtain a function of x, two degrees lower than f(x), which 
quotient, equated to zero, will contain all tho remaining roots; 
and similarly for any number of roots. 

Ex. 3? — 18f' + lOla; — 180 = has a root x = L 

^„ Dividing by a; — 4, we obtain a? — lix + 45, which equated 
,0 zero gives two other roots, 5, and 9. 

39. Cos. 2. — If a rational integral function of x of the 
n"' degree can become zero for more than n values of x, then 
every coefficient in the function must be equal to zero, and 
the function must be zero for any value of x. 

For, otherwise, tho function equated to zero would have 
more than n roots; which, by the present proposition, is 
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impossible, unless the cocQicicnts bo each equal to zero ; and 
if ll)ese coefficients be each zero, the function is evidently 
zcio for every value of -x. 

40. Cor. 3.— If f{x) be of tlio n"' degree, it lias 

«(?t— 1)...(«.— r + i) . , „ ,, „. 

_i —r-- factors of the f"' degTcc. 

\r 

For it has been shown that f{x) has n factors of the first 
de;:rreo. The product of every two of thi sc gimple factors is a 
factor of tho second degfco ; bo there must be as niuuy factors 
of tho second degi'ce as there are possible combinations of n 

things taken two at a lime, that is, —^ --—''. In lil.o manner, 

Li' 
witii the n Rim))lo factors may bo formed us many factors of 
r"' degree as Uicro are poK^iblo eombiiiatious of n things taken 

r at a lime, that is, /(r) admits of '-.-..-.-> — . 

factors of the r"" degree. These factors, of any degree, will 
not, of course, ho all difrorenl, unless tho simple factors are all 
dillcrent. Thus the expression, 

a^ _ iSxi + lOl.-c — 180 = (x — 0){x — 5) {x — 4) 

may be regarded as the product of three binomial factors, or 
as tho product of any one of tlirso factors and a funcUon of 
the second degree prodnccd by tho remaining two factors. 

41. By tins proposition we find that crcnj raiional integral 
function- of x may he regarded as (tie product of as manjj hi- 
voviiid factors a.t it Jias dimcn.v'ony. But to resolve a given 
function into iis component factors, we require to know the 
roots of that funclion eiiuated to zero, i. e., tho re-solution of 
function of ii dimensions into factore, requires the solution of ' 
an equation of the «"' degree. The converse operation, how- 
ever, of composing a function from given eimjile clement h'. or 
constructing an equation that shall have for its roots given 
quantiUcH, is very easily accomplished. Tho rootb a^, Ci, ci:^, 
&c., being given, wo fonnthe binomial factors {x—a^), {x—a^, 
(.T-fl,), &c., Uio product of which, equated to zcvo, is the 
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equation required. It is required, for example, to form the 
equationjlic roots of which sliall be, 7, 5, —3, S+V^i, 

The product of the binomial factors found from these is, 

(a:_7) (a;_5) (2: + 3) (x-3 + V^) (2:-3- -v/^) 
Multiplying out, and equating the result to zero,,'wo have, 
a:5 _ 15x4 + Clr' + i2a;J _ G41x + 1155 = 0, 
which ia the rc<iuircd ecjuation. 

EXERCISES. 

1. The roots of a,-* - s" — ;}5x' + 129a; — 12G = 0, arc 
3, 3, 2, —7; express the first member as the product of 
biiioniiiil fiw'lors. 

2. The roots of x^ _ qjA _ 37^3 4. locz* + 45Gz + 320 
= 0, are S, b. —4, ~^', ~1; exj)n'W llui flrat mouiber hb 
the product of binomial factors. 

3. Form the equation whose roots aro 7, 4, — 11. 

4. Form the equation whose roots are r>, 4, 2, 1. 

5. Form the equation whose roots are 7. 3, —4, —10. 

C. Form the equation wlioHC roots aro 10, 8, 5, and liV-S- 

42. Pnor. II. — An cqiialinn with rail coefficients han ils 
imaginary roots, if any, in conjugate pairs. "" 

Let f{x) = C„a:" + C„.xa;"-'+ . . . . C^x^ + C.k + Co = 0, 

where C„, (7„-,,. . .^o, aro all real, have a root a + l'/^, 
then is a — b V — 1 also a root. 

■;••, Tjet a 4- 5 V— 1 bo Substituted for z in the equation, then 
;: '^20) wo obtain a result of the form P + Qh'^—\, where 
P and Q, contain only even powers of 5 V— 1. For, when 
an expression {a + J^/^l)" is expanded by the Binomial 
Theorem, tho even powers of h V^l give rise to real quan- 
tities, BO that only odd powers of Zi are affected by tho symbol 
V^^ ; and, OB tho coeflicicnts of f(x) arc suppos ed t o be 
real, the symbol V^l cannot occur in f{a + 5 V— 1 ex- 
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copt with odd powers of h. Therefore, if P + Q^V—1 
denote the vahic of f{x) for x + a + b V—l, v.e can obluin 
the Taluo of the Ejxme function for « = a — 5V— 1 by simply 
changing tlio sign of b in tlio former result. Thus if 

/{a + bV'^) = P+QhV'^, then 
f(a _ b V—1) = r~QbV-i. 

But if a rf- bV— 1 bo a root of the equation f{x) = 0, 
wo have 

P+ QbV^^l = 0, 

and na no part of P c^^n bo cancelled by QbV— 1, this result 
requires that P = 0, and also ^ = 0. Hence, also, 

F-QbV^:^ = 0, 
that is, n —b V—1 if nlso a root of f{x) — 0. 

43. Cor. 1. — Every function of an even degree may be 
regarded as the product of real quadratic factors, whatever 
be the character of the roots. For if the function, equated to 
zero, have a root a + 5 V — 1, b not being zero, it iniist also 
have its conjugate a — b V— 1 as a root. The function must 
therefore be divisible by (a; — « + by' — i)(^ — cf — J-v/— 
= y?_ — "2ax + a^ + i\ a real quadratic factor. 

44. Cor. 3. — By a course of reasoning similar to that 
employed above, it may bo shown that, if an equation have a 
root of tho form u -{-Vb, it oiii.tl also hare a root a — \/b. 

EXERCISES. 

1. One root of a:^ — 21j? + 90a; — 3G = is S + '/^^S ; , 
find tlio remaining roots, 

2. One root of a;* + Sa;^ — 25a;« — 14.0a: — 2G = is 
— 5 + v'^l ; find the remaining roots. 

3. One root of Cx* + Zla? + 532' - 89a; — 30 = is 
-t (7 _ V— 11) ; fiud the remaining roots. 

4. One root of 5.^■^— 3a;'+6ari— a: + 3 = o is ^(l + V^); 
fiud the remaining roots. 
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5. Oncjoot of x*—i2i^—2iz + 108 = is 6-6457513 
.= 4 + Va ', find the remaining roots. 

45, Puop. III. — To (Ictcrmino I'w relations that exist 
between (he coefficients and the roots of an equation. 

Let f{x) = ar" + C,.ia;"-'+ C'jr' + C\x + C^= 0. 

It has been proved ttat if a,, Cj, a3,...a„, bo the roots 
of f{z) = 0, then 

f{x) = (a;— oi) (x—ai) (x— Oj) {x—a„). ' 

By actual multiplication we find 

{x—ai){x—a.) = 11?— (ai + a^).T + OjOj, 
(z— ffi)(a;— a^)(2;— aj) = z^ _ ^(n + a2+a2)2? 

+ {aini+aia:,+ aia,)x — oiaio,, 
{x—Oi) (z— Oj) (x— flj) {«—«<) = z* — (a, + ffj + «, + at) 3^ 
+ {aia2+ tfi«,i+ ai«4+ 0^0^+ aia,+ a^at)]? 

In thc'^c rosnlts wo obscrvo Iho following laws to hold : 

I. The number of tcnns in tho product on the right hand 
18 gi-catcr by one than tho number of binomial factors. 

II. The exponent of x diminishes by unity in cacli term, 
from tho first, where it is the samo as the number of binomial 
factors, to the ]asi, where it is zero. 

III. Tho coofllrient of (hfi firHt tonn U unity, that of tho 
second term ia the sum of the second letters in tho binomial 
factors, that of the third term is tho sum of the products of 
these letters taken two at a time, that of the fourth term is 
the sum of the products of these letters taken three at a time, 
and BO on ; finally, tho last term ia tho product of all these 
letters. 

Wo now proceed to prove thaf, if these laws hold good for 
[n — 1) factors, they must hold good for n factors, and thus 
universally. Let us suppose that 



30 



AX/OEBUAICAL EQUATIONS. 



where i^'i denotes tho sum of the letters- a,, -ff.,-aj,. ..-a„.i, 
" S-: " « « products of these letters 

two by two, 
" Sj " " " do. do. three by three, 

" 'S',,., '• " « produetofalUhe(w-l) letters. 

Multiplying both sides of this identity by another factor 
x — a„, the result will bo, 

(x-a,) {x—a,) . . . {x-a„) = of + <!?,-«„) a?-' 

+ {S;- S, a„) x^-^+...- S,_i a" ■ 

Here it is obvious that the first and second laws still hold. 
As regards the coefficients, that of the first term is still unity, 

that of tlie 2d term, Si—a„ = — <?[, — 02, —ch, ~a„ 

= the sum of all the letters, —a, , 

— «2, —a„. 

« 3d " Si-Sia„= S2+a,{ai + a2 + a3+...+a„) 

= the sum of the products of all 

the letters two by t^yo. 

" 4th « Si- -Si «« = 5, - a„ (rt, «2 + a. ff3 + • • . • ) 

= the sum of tbe products of all 

the letters three by three. 

" " nth " —(Sn-ifl!, = the product of all the letters. 

If, then, these laws hold good for (« — 1) factors, we see that 
they hold good for n factors. But we know that they hold 
good for four factors ; they must, tliercfore, hold for five factors, 
and so on for any number of factors. 

Therefore, a,, a^, a,, a„ being the roots of 

f(T) = yf^^- C„_,x"-'4- (7„^a:'-'+ . . . C,2;+ Co= 0, wo i;ave also 

f{x) = (a;— «i) {x—a^^ (x—a,) {x—a„) = 

= x^ + SiX"-' + SiX-^ + . . ..S,.,x + S„ = 0, 

and equating coefficients of like powers of x, we have 

C„., = <S'i , C„.j = S-2, . • • ■ Ci = S„.i , Co = iS, , 

that is, //ic corfficicnt of the second term is equal to the sum 
ofihc roots Kith their signs changed, the coefficient of the third 
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term to the sum of the products of every two of the roots with 
their signs changed, and so on, the coefficient of the r^ term 
being equal to the sum of the 2)roducls of every (r— 1) of the 
roots with their signs changed, the last term being the product 
of them all taken with changed signs. 

Wo may also cnuiiciato thcso relntious thus: 

— C„.i = sum of the roots ; C„.2 = sum of tho products of 
every tvvo of the roots ; — C„.3 = sum of tho products of 
every three of tlio roots; and generally (— 1)''6'„_ = sum of 
tho products of every r of tho roots. 

40. It is obvious that if the coefficient of the first term be 
other than unity, wo must tako tho other coefficients divided 
by that Icadiug coefficient when wo wish to obtain the sum of 
the roots, &c. 

47. As tliese relations between the roots and coefficients 
furnish n independent equations involving the roots, it might 
naturally be supposed that by eliminating n — 1 of tlic roots 
we should obtain an equation from which to determine the 
remaining root. By pcrfonning tho elimination, we do, in 
factj obtain such an equation, but find that we have merely 
reproduced the original equation with another symbol for the 
unknown quantity. 

Let a, b, c, for example, denote tho roots of the cubic 

3? + px^ + fjx + r = 0, 
then wo have 

— pz=a + b + c, q = ab + ac + br, — r = abc. 

To eliminate b and c between these equations, wo multiply 
the first by a', the ceeond by a, and add in the third ; we thus 
obtain, 

n' + pa^ + qa +r z= 0. 

Tho necessity of this rcsult is readily perceived when we 
consider, that of tho three symbols a, h, c, any one, as a, repre- 
sents any one of the three roots witliout distinction, and the 
equation in a, which we obtain by eliminating b and r, niuft 
allow of three values for a, that is, must bo a cubic. Yet, 
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though these relations between the roots and coefBcients do 
not enable ns to determiue the roots, they do enable us to 
discover many important properties of roots, as will be seen 
in subsequent ebuptcra. 

48. The following proposition is independent of the prin- 
ciple that every equation has a root, yet it is most conven- 
iently inserted here, as a lemma to a useful corollary from the 
preceding proposition. 

Puoi'. IV. — An equation in which the first coefficient is 
V7iiti/, and the remaining coefficients integers, cannot have a 
rational fractional root. 

Let a:" + C„.,x"-i-|- do? + CiX -f Co = 

be such an equation ; and, if j^wssible, let it have as a root the 

rational fraction -j , a and b being prime to each other. By 

a 
substituting -r for z, and multiplying throughout 5""', we 

have, 

^ + C„.,a"-'-|- ... + aa'l"-''+ 0^01'-^+ Cob"-' = 0. 



a" 
If wo transpose the first term -j- to the right hand, wc have 

the remaining terms, which must form an integral expression, 
since a and b, and all the coefficients, arc integers, equal to 

— -T-, which is not an integer. This is impossible, therefore -. 

cannot be a root of the proposed equation. 

40. Such an equation may, however, have incommensurable 
real roots, or imaginary roots of the form a + b V— 1, in 
which a and b are incommensurable. For example, the equa- 
tion 

xs + C.'c' — lOz — 8 = 

has a root x = 'Z, Dividing by x — 2, we obtain 

x> + Ix + 4: = 0, 

which has for roots a; = — -J (7 ± V33), which are fractional, 
but not rational. 
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50. COE. — Since (45) the final tenn ia tlie product of all 
the roots, it follows, by the present proposition, that in any 
equation having unity for its leading coefficient, and the re- 
maining coefficients integers, all the rational roots must be 
integral factors of the final term. Also, if thia term, Co, bo 
a prime number, the equation cannot have rational roots, if 
±1] or ± Co, be not roots. ■ 

The equation 3? — Viy? + 9a; — 11 = 0, for example, must 
(12) have, at least, one real root ; but since, upon trial, we 
find that neither i 1, nor ±_ 11, is a root, wo know, that it has 
no rational root. 

51. Since, as will presently be shown, we can always trans- 
form an equation, having a leading coefBcient other than 
unity, into one having unity for leading cocfDcient, processes, 
that will readily suggest thcmsolvcf', have been deduced from 
tho above property, by whicli we can, in any case, discover 
whether an equation has rational roots. Such roots, however, 
occur rarely in equations that actually present themselves for 
solution ; and, when they do occur, will ncccssanly be discov- 
ered in the course of the process of analysis hereafter to bo 
explained. It i.'-;, tbcreforo, not necci-s.iry to make a special 
search for rational roots. The following easy examples given 
by way of illustration, may be solved by the guidauco of tho 
property given in Art. 50, and by means of the process illus- 
trated in Art. 21. 

EXERCISES. 

Find the rational roots of the following equations : 

1. ar" — Gr! 4- 10a; — 3 = 0. 

3. a;3_i7a;_4o = 0. 

3. 3*~\j?— 5fiz= + 317a; + 28 = 0. 

4. a;4 — 2a^ — 18a;» + a; + 70 = 0. 

5. y? — 37a;= — 921x — 918 = 0. 

52. Definitions. — A Variation is a change of sign in 
passing from one term to another ; a Permanence is the con- 
tinuation of tho samo sign in two consecutive tcnns. 
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Thus, in the function, 

52' — 7a« — 13» + a:< — 173? + 3z' + C.r + 10, 

there are four variations and three permanences ; the sum of 
the number of variations, and of the number of permanences 
being equal to the number expressing the degree of the func-' 
tion, as will evidently be the case in a function of any degree. 
By changing a; to — x, the function becomes 

— Ca' — ^z" + ]3;i,-' -I- X* + 17j.-^i + '.ix> ~ Gx + 10, 

the vaiiations being changed to permanences, and vico versa. 

53. Prop. V. — An equation, complete .or incomphte, cannot 
have more positive roots than variations of si(/n, and a com- 
plcte equation cannot have more ne'jative roots than it has 
permanences of sif/n. 

Let the signs of the proposed function be, for example, 
+ + - + + + +; 

we shall show that upon multiplying by a factor a: — a, thertj 
■will bo in the result at least one more change of sign tlian in 
the original function. For, having to multiply by a binomial 
Ti-hose first sign is positive, and the second negative, we obtain, 
giving merely the signs that occur in the process, 

+ __ + _ + + + __ + 
_, !. + _ + -- - + + - 

+ -T + - + ±± — T + — 

writing the double sign in the result wherever the sign of 
any teim is ambiguous. 

Upon comparing the serios of signs in the result with the 
scries in the original function, wo find 

(1). For every group of permanences there is a correspond- 
ing gi-oup of ambiguities. 

(2). The signs before each ambiguity, or group of ambigui- 
ties, are contrary. 

(3). A final sign is sui'wraddcd, which is necessarily contrary 
to tho final sign of the original function. 
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Hence, taking the most unfavorable case, that in ■which all 
the ambiguiliea are of the same sign, ivo may by (2) take the 
upper signs without affecting the number of i)ermanences ; 
then the signs of the result, leaving out the last, are the same 
as those of the original function, and (3) this last introduces 
an additional variation. Thus there is at least one more varia- 
tion than in the original. 

Supposing, Ihcroforo, the product of all the factors corres- 
ponding to tho negulive mid iiiiiigiimry roiito of an 0'pnilii)n to 
have been formed, each multiplication by a factor correspond- 
ing to a positive root will introduce at least one change of 
sign; that is, an equation cannot have more positive roots 
than variations of sign. 

To prove the second part of the rule, we have merely to put 
— x for a; in the proposed equation ; then, if the equation bo 
complete, ixinnancnccs are changed to variations, and viro rcrn't. 
The transfonued equation cannot have more positive roots 
tlum variations, that is, the proposed cqnation cannot have 
more negative roots than permanences. 

5'i. Cot.. — Hence, when the roota of an cqnation are all 
real, the number of variations is exactly equal to the number 
of positive roots, and the number of permanences to the nnm- 
ber of negative roots. For if m and r be respectively the 
number of positive and negative roots, and m' and ?•' respect- 
ively the number of varialioiiB and jxTniaiionccs ; then, tiiiieo 
m + r z=: m' + r', each being equal to the degree of the equa- 
tion, and m cannot CKCced m', nor r, r', we must have 
m = m!, and r = r'. 

r>r>. Tliis important theorem, generally called Descartes'a 
Eule of ^igna, from the name of its discoverer, is included as 
u purlieular ctLso in FourliT's 'I'lioormn, (180), in conneolion 
with which some useful deductions will be given, which are 
usually deduced as corollaries from this proposition. 
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CHAPTEE IV. 

TBANSFOEJIATIOIT OF EQUATIONS. 

56. "Withotit knowing the roots of an equation, it is in 
our power to derive froiu it various other equations the roots 
of which have given rehitions to those of the proposed equa- 
tion. These . tvansrurmations arc, Fomc, UKcfiil in pn^ivu-ing 
the equation for solution hy reducing it to n more convenient 
form, and some are necessary to the actual solution. ' The 
propositions of the present chapter comprise, by no means al!, 
but the most useful and simple cases of the general problem; 
to transform an equation into nnother the roots of which sliall 
bo any given functions of tliose of the proposed equation. 

fJ7. Pkop. I. — To transform an equation having negative 
or fractional exponents into another having only positive iiite- 
gral exponents. 

iiCl tlio proi)Osed equation, 

f[x) = ax-" + Ix' + C3r'+ . . . .ixr' + i =,0, 

have negative exponents, integral or fractional. Suppose —s 
to be the numerically greatest negative exponent; then, mul- 
tiplying throughout by x', we have 

f(x)x' — fW-"'+ !/x"'-]- c ■{■ kx-' + h- = 0, 

in which no negative exponents occur. It is obvious that the 
roots of f{x) — arc not changed by this transformation, 
since, if /(«) = for a certain value of x, then also f(x)x' 
= for the Kanie v.alue, and virr versa. 
Again, to transform the equation, 

f{x) = ax" + Ix" + cx.'+ ....kx' +1 = 0, 
into another having only integral exponents, assume y = z, 
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whcro ft = nqs...v, or tho L. 0. M. of the donominators 
of the exponents. Substituting y for z in the proposed, 
we have 

f{y) = 0^'+ by+ cy+ .... +^y''+ I = 0, 

■where m' = — x f^y p' = - x ft, &c., are intefrcrs. 
71 ^ q '^ " 

The relation between the roots of f{y) = and f{x = 
is y = Vz, that is, any root of the transformed equation 
in y must be raised to tho fi"" power to bo a root of the pro- 
posed equation. 

58. These results may bo formulated in tho following 

Rule. — To free an equation from negative exponents, mvl- 
tiply out by the reciprocal of whatever power of % occurs Kith 
the numcricaUy greatest negative exponent. To free an equa- 
tion from fractional crpnnentf:, sutj.%til"te in i/ie proposed 
equation y^ fur x, where /t is tlio L. C. M. of the tlrnontinators 
of the exponents. 

Ex. I. — It is required to transform the eqnation, 
3j~^ + llx^ — 32.r-* + 9a; — 8 = 0, 

into another having only positive integral exponents. 
Multiplying throu/Hiout by x^, M'O have 

?jt^ + 172;^— 32 + 92» — 8a;^ = ; 

from this, by substituting if for x, we obtain 

n(/« ir l^y"^ — 32 ^- OOyW— 8;/" == 0, 
or, 9^K'+ 171/28 _8/«+ 3^/'— 32 =0. 

EXEnCISES. 

Transform tho following equations into others having only 
positive iuU'gnil exponents: 

I. a? + 3.jr« + 5ar* — 7 = 0. 

7 

X 
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3. 3a; — 5x^ + Ix^ — 7ar« = 0. 

4. 2x^ + {x^ 4- 3ar-» = 0. 

5. = 1 + x^. 

l-x^ 



G. Vl + r' = 3j?— ar^. 
7. -v/n^^ = v^J^TT. 

59. Peop. II. — To Iransform an equation into another, 
ichose roots shn'd he thoao of the proposed equation, each mul- 
tiplied hij a given quantily. 

Let f{x) z= Cx" + (7„.,x"-' +....C,x'+C,x+ a, = 

1)0 fin equation which we wish to trangform into another, the 
roots of which nhnll bo m times as greiit iis those oFy(.i) = 0. 

Suppose y = mx, then — = x. Replacing x by — in the 

proposed equation, we have 

Multiplying throughout by m", w.i have 

/(y) = a,?/" + wC„-i7/"-'+ • • • +m"-Wy- + m''-'C\y + m''C,=0, 

an cqniitioa wIiobo roola uro o:u:h wi liuicH uh grciil iia those 
of f(x) = 0. Hence we have the following rule, before 
applying which wc complete the equation by supplying the 
place of absent terms by zero's. 

TivhT..—To transform em equation f{x) — into another, 
f(y) = 0, the roots of v)ldch shall he m limes as great, replace 
X Inj y, and multiply the coefficients, heginning with the second, 
tiy m, vi^, Vl", .... m". 

Kx. l._ Transform x* - lOx? + -lOx' -f 20.r - 17 = 
into an equation having its roots three times as great. 
Here ?« = 3 ; procecdinf]; by the rule, wc obtain 
yi _ 57ir' + 441y' + 783y - 1377 = 0., 
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Ex. 2. — Transform x* — 6I3? + 176a; — 789 = into 
an equation luvving ita roots onc-tcnth aa great. 
First, comploting tiie equation, wo liavo, 

ar" + Oa^ — 51a:' + I7C2; — 789 = ; 

then proceeding by the rule, and multiplying by powers of -^, 

wo obtain 

yi — .5lyi + .1763/ _ .0789 = 0. 
p 
GO. The chief use of tliis transformation i8 to enable us to 
have nnity as leading coeCJcicnt without introducing fractional 
cocfTicicnta ; or, to clear the equation of fractional coofUcionts, 
without afl'octiag the leading term with any coefficient other 
than unity. 

Ex. 1. — Thus, if we have the equation 

5a;4 _ 7^3 4. H:rS 4. 6a; - 3 = 0, 

by taking to = 5, we have 

6y4 _ 7 X Sya + 11 X 5Y + 6 X 5^ — 3 X 5* = 0, 
or, ■>/ — ^f + i")r>.//» + 125y — 375 = 0. 

Ex. 2. — If we have to clear of fractional cocfQcients 

wo havo to coi»';idrr whut m miiat be, m llmt ita powers will 
contain the denominators of the fractional cocllieients. 

By taking m = 30, ajid proceeding l)y the rule, wo obtain 

t + I (30) 2/^ - § (30)y + ^ (30)^y + ^ (30)« = 0, 
or, y + mf — 3'Jfiy' + 3100// + S'/VOO = 0. 

EXEnCISES. 

Transform the follo%ving equations into others having the 
leading ciHiiHoiont unity, and the remaining coefTicients 

integers : 

1. S.r'' - Z.1? — llx — 20 = 0. 
3. 7a;» — 54t» + 30 = 0. 
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3. k8 - 2a.Mx> + 30. 7a; - .745 = 0. 
.4. 3.^ + ^x»_?a:+| = 0. 

3 5 

5. afi— —3? — -a; + 3 = 0. 

61. Prop. III.— To transform an cqnr.tion into mother, 
whose roots are those of the jiroposed equation, with the con- 
trary sign. ♦ 

Let f{x) = C^Tf^ + C„-,a?-»+ . . . . Cjk' + C,a; +Cg = 0. 

Tlie transfonnation of this equation into another, having 
roots numerically the eaino, hut with contrary sign, is merely 
a particular case of tho preceding transformation. We replace 
X by rj, and take m = — 1, that is, multiply the coefBcicnts, 
beginning at tho second, by the succoP5ive powers of —1, 
which aro alternately negative and positive; thus we obtain 

0„r - C,.-ir''+ • . • • ± C^y^ T C,y ± Co = 
as tho required equation. 

Rule. — The signs of the alternate terms of a complete equa- 
tion Icing changed, (ho signs of all tho roots will be changed. 

Ex. 1. — Let 

a? + llz* _ 2.3a:' — 47a;' + 32a; — 67 = ; 

then, replacing x by y, and changing tho signs of alternate 
terms, wo havo 

,f _ 11^^ _ 23/ + 47^" + 323/ + 57 = 0, 

an equation whose roots dilfer from thoso of tho proposed only 
in having the contrary sign ; i. e., y = — x. 

63. When an equation is incomplete, wo may omit to 
comploto it by supplying zero cocfl:cients, remembering, when 
replacing x by y, to change the signs of those terms contain- 
ing odd or oven powers of x, according as the exponent in tho 
first term is even or odd. Thus, 

Ex. 3. — Let fix) = s* + 34a;« - 96a:' + 5 = 0, then 
fi—x) — 3?- 31-t^ - 9G.i-5 + 5 = 0. 
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Tho equation whose roots differ from those of f{x) = in 
sign obIj, is often conToniently denoted, as above, by /{—x) 
~ 0. 

G3. Thig simjdo tronsformation is very useful, ae wo arc 
thus enabled to confine our attention to the discovery of roles 
for the determination of positive roots, it being always in onr 
power to change negative into positive roots. 

EXERCISES. 

Transform the following equations into others, whose roots 
arc numerically tho pamo, with contrary sign. 

1. a^ — ITx* — bdx + 73 = 0. 

2. z* — 23ar> + 130j? — 30ox + 90 = 0. 

3. 2« + 37a::* — lllar' — 510 = 0. 

4. 6x* ~ 41a:' — Gya;^ + 239z + 426 = 0. 

5. 83f + olafi — 1723;3 _ ^QGx + 150 = 0. 

6. a:8 _ r,^^ _ 5.ja4 ^ 29a;2 — 13 =0. 

Note this last example, and explain why in this case f{x) 
has the same signs as /( — x). 

G4. Pnop. IV. — To transform an equation into another, 
xvJinAe roots are the reciprocals of those of the proposed equa- 
tion. 

Let the proposed equation be 
f{x) = G„a?'+ C„-ia;"-*+ ....C^a? Jr CiX+ €<>=: 0. 

Assume y = - , and substitute - for x in f{x) ; then 

Multiply throughout by y", and reverse tho order of terms; 
then 

C,r + C.y"-' + C,y'-^+ . . . . C„., y + C, = 0, 

an equation in which, since y ■= - , tho roots arc the re- 
ciprocals of those of tho proposed equation. 
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Rule. — 37ie coefficients of the equation of the reciprocals 
of the roots are those of the proposed, written in reverse order. 

Ex. 1. — Find tlio equation involving tho reciprocals of the 
roots of 

5.r* — 7a:» + IVj? + 23a; — 3 = 0. 

Proceeding by the rule, and replacing x by y, we have 

- 3y* + 23^5 + l?y5 _ 7y + 5 - 0, 
or, 3^ - 23y' - lly-- + ly - 5 = 0, 

■v^•hich haa for roota the reciprocals of tho roots of tho pro- 
posed. 

65, This transformation is chiefly of uso in Lagrange's 
lEctliod of Solution, and in Sudan's Jilcthod of Analyzing 
Equations, neither much used. 

EXERCISES. 

Find tho equations having as roots the reciprocals of those 
of tho following equations : 

1. Z:x? — 5a-« + 202 — 11 = 0, 

2. It* — 5i^ — l'>x — 15 = 0. 

d. a^ — IW + 32a;3 + 72 — 23 = 0. 

CG. Prop. V. — To transform an equation into another, 
the roots of which shall he tho squares of the roots of the pro- 
posed equation. 

Let f{x) = C„2" + C„.,a;"-'+ .... aa^+Cia:+ Co = ; 

the terms may be arranged in the following order, 

ftx) = (C„2" + C„.;2"-' + . . . . CjZ' + Co) 

+ (C,.,:^'-' + C„^2"-H . . . . C32» + C,x) = 0, 

the terms containing even powers of x being collected, as 
here, with C„a;" when n is even, otherwise the odd powers. 

Similarly, since in f{—x) tho signs of the alternate terms 
are contrary to those of the corresponding terms in f{x), 
wo have 
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f{-x) = (Csc- + C,.^af-■'^■ . . . C,x--+ 0.) 

- (C„.,«"-» + (7„^z"-^+ . . . C^3?+ OyX) = 0, 

- ((7„., a?--' + (7„-ja;»-'+ ...CiX>+ C,z)»= 0. 

Squaring the expressions -within the brackets, collecting, and 
arranging according to powers of x, we have for /(«)/( — x) 

C„'x^'-{C„.i'-2C„C„-2)x'"-'+iC„J-2C„.iO„., + 2C„C„.,)x"-* 

T Co' = 0, 
the coefBcient of {x')^ being 

i(C, — 2CV_iC,+i + 2Cv.2C>-|.3 — 2Cv-sC>+s+ . • ■ i2C,-).„' (/,_„), 

tho upper sign being taken when C, stands in an odd term, 
and vice versa, and Cv+„ denoting tho nearer of tho extreme 
cocfQcicnts C„ or €'„ . 

The equation thus obtained, by the product of f{x) and 
f{—x), and which we shall denote by F{x') = 0, has for 
roots tho squares of the roots of f{x) = 0, since for every 
factor (x — a) in f{x), there is a corresponding factor (x + a) 
in /(—re), and therefore a factor {x^—d^) in i''(^") ! there 
are therefore u such factors, and the equation F{x') =: has 

for roots, fli", ff/, a/,. . . .(?„•, if a,, Oj, Oj, o„ are the roots 

of fix) = 0. 

Wo'obliin tho cocfricicnts ofV''(x') from those of /(«) 
as follows : 

EoLE. — Given a coefficient C,. of f{x) = 0, the correspond- 
ing coefficient of F{a?) = may le found hy taking from the 
square of Or the double product of the immediately contiguous 
coefficients, adding to the result the douhlc product of tho co- 
efficients next removed on each side, and so on. as far as tlie 
coefficients extend ; to the final result we prefix a positive sign, 
if C, stands in an odd term, the negative sign, if it stands in 
an even term. 

Ex. — Given, x* ~ 5i? + Ua? + 7x — 6 = 0; find tho 
equation of tho squares of the roots. 
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Hero tlio expressions, wliicli, with alternately positive and 
negative signs preQxcd, will be the coefficients of F{x^}, are, 

1, (35-22), (121 + 70-12), (49 + 132), and 3G; 
the required equation is, therefore, 

T^-Sx' + irix^ — 181x3 + 30 = 0. 

G7. Tliia transformation, as will be seen in Chap. X, is 
capable of being applied to good purpose in the analysis of 
equations. 

EXERCISES. 

Pind the equations whose roots are the squares of the roots 
of the following equations : 

1. ar* — ISarS + 12«s — 6a; — 5 = 0. 

2. 5x* — llx^ — 23a; + 19 = 0. 

Z. u^ — 27.y + 90a-» - 3Gx - 25 = 0. 

G8. Peop. \I. — To transform an cqudHon into a7io(her, 
the roots of ichich are those of the proposed equation, each 
increased or diminished Inj a given qiiantitij. 

Let fix) = C„x" + C„.ia;"-'+ . . . . C^a,-= + C,a; + C, = 0, 

bo the given c(iuation. Assume y =■ x — a, then whatever 
value is assigned to x, that of y is less or greater according as 
a is positive or negative. The required transformation is, 
therefore, f{a+y) = 0. By Art 7 we have 

f{a + y) = /(a) +f{a)y + lf{a),/+ . . .^/„.,(„)y-' 



«■ 



or, writing according to descending powers of y, and putting 
C. for i/„(«), 

f{a + y) = C„y" + |~y/„.,(a)r-'+ • • • +lA{«)f+A(n)y 

+f{a) = 0, 

an equation the roots of which are less than those of /(r) = 
by the quantity a, if a is positive, and vice versa. 
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CO.. In Art. 21 was explained and illustrated a convonient 
method for obtaining the value of /(a). As intimated in (22), 
we can, by continuing the process with the successive quo- 
tients, obtain in succession the values of /](«), 1/2(0), -^/lia), 
&c., which are the coefBcicnta of the transformed equation, 

Ex. 1. — Transform the equation 

5.-C* - 173? + 29x' + 122: — 196 = 
into another whose roots are each less by 3. 

Writing down cocfficieuts only, we proceed aa follows : 





5 — 17 + 29+12—196 | 3 




15 — G + 69 + 243 


1st Quot 


5—2+23+81;+ 47 = Ist Kem.,or,/(3), 




15 + 39 +186 


2d Quot. 


5 + 13 + G3;+2U7 = 2d Rem., or, /, (3). 




15 + 84 


3d Quot 


5 + 28; +146 = 3d Rem., or, 1/2(3). 
15 


4th Quot. 


5; 43 = 4th Kcm., or, ^-/jC^)- 



Writing out the transformed equation with these remain- 
ders as coefficients, wo have 

6y* + 432/3 + uQy3 + 2G7y + 47 = 0. 

Since wo have taken for a a positive quantity 3, the roots 
of this tranaroraicd equation arc each less than those of the 
proposed equation by 3. For the sake of exhibiting the 
entire quotient, we have taken down the leading coelliclcnt 
each time in the above example ; in practice the process is 
performed as in the following example : 

Ex. 2. — Transform the equation 

3a^ + lOr' — 272^! — 131a; + 20 = 

into another whose roots shall bo each less by 2. 

Supplying the absent terms by zero, wo proceed aa fol- 
lows : 
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19 


- 57 


- 21 


+ 46 


12 
31 


62 
5 


10 
-11 


-22 
24 


24 
55 


110 
115 


230 
219 




36 
91 


182 

297 






48 








.39 









3 + + 

_6 
6 
_6 
13 
_6 
18 
_6 

24 : 

_6 

30 
The transformed equation is, 

Zf + 30y* + 139^^ + 2977/! + 219y + 24 = 0. 
Ex. 3. — Transfonri the equation 

8r< + 73x» + 147x2 — 1253; + 227 = 
into another whose roots arc each greater by 5. 
Hero we take a = — 5, and proceed as before. 

8 -f- 73 + 147 - 125 + 227 1—6 



—40 


—165 


90 


+ 175 


33 


-18 


-35 


402 


—40 


35 


-85 




- 7 


17 


— 120 




-40 


235 






-47 


252 






—40 









• -87 
The transformed equation is, 

8y4 _ 87y9 + 252f/' — 120]/ + 402 = 0. 

70. This transformation may bo regarded as the most 
important of those given in tho present chapter. It will bo 
found tluit both the analysis and solution of equations may 
bo completely effected by means of a series of these trans- 
formations. 
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EXERCISES.. 

Transfonn the following equations into others whose roots 
are less, by the numbers placed to the right. 

1.x* — 15^3 ^ 73j;a ^ 7132; _ 85 = 0. a = 5. 

2. W — 46a? + 932; — 105 = 0. a — 3. 

3. lla:*-20x»+ 5GX+7 = 0. a = 4, 

4. 3a,-» — IW + 57*' — 78x2 + 93 = 0. « = _2. 

5. 8x5 + 78^2 —107a: — 540 = 0. a = —5. 

71. Peop. "Vn. — To transform an equation into another, 
in which any assigned term shall be absent. 

This is merely a particular case of the preceding trans- 
formation. 
If the roots of f{x) = be diminished by k, we have 

f{k+y) = c„r+j^fM^)y'-'+ • • • ■j^U{^)r- 

+ ....f{k)=0. 

In order that the (r + l)"* term 'in this may be absent, we 
must take Jc bo that the coeCicient of y"''' may bo zero, 
i.e.,f„^{k) =0. From (7) wo find that /„.,(^•) = (C.t 

+ -C,-it-' + ■^^j^^^C„-2i-'-H &c.)r~^ , SO that Ic will 
n '■ n{n—l) ' \n—r \r 

have to bo dntorminr d by an equation of the r"' degree. 

To talce av.;iy the third term, r becomes 2, and wo find k 

from the quadratic. 

To take away the second term, a transformation that is 
often fonnd advantageous, we determine k from the simple eqna- 

1 (! 

tion Cnk+ -6'„-i — 0, wlicnce W€ obtain k = ^""r- 

n 71 Vn 

Ex. 1.— Trannform i^ — l.W + lla; — 13 = 0, into an 
equation without the second term. 

Here ■ — '■;":- = -.r > = 5, and we proceed thus : 
mC„ 3 
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15 
5 


+ 11 
—50 


- 13 

—195 


15 


—10 
5 


-39 
-25 


-208 




—5 
5 


-G4 









Therefore the required equation is, 

ys _ 64y — 208 = 0. 

Ex. 2. — Transform du^ — lla;^ + 322; — 15 = 0, into an 
equation without the seeond term. 

In order to avoid fractional coefScients, wo fi:,*st by (59) 
transform the equation into another, the roots of which are 
15 times as great ; we thus obtain, 

y^ — 33!/= + l^lOy — 10125 = 0, 

and proceed as before, obtaining, 

z' + 1077Z + 3053 = 0. 

72. To talvo away any coefficient except the second is not 
of any practical udY.anhi;,'o ; it is besides ovidt^nl Uuife, in t!»o 
great majority of cases, Ic would bo incommensui-ablc, when 
determined by equations of the second and higher degrees. 

EXERCISES. 

Deprive the following equations of their second terms : 

1. a? — ISr! + 15a; — 3 = 0. 

2. u? + 273-,' — 32a; — 54 = 0. 

3. 4^ — 2x^ + 21a; + 30 = 0. , 

4. afi — 24^3 + 42a:» — 37x + 49 = 0. 

5. nx* + 22.c» - tJGx + 13 = 0. 
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CHAPTER Y. 

imm OF TOE EOOTS OF EQUATIONS. 

73. In the preceding chapter havo been investigated 
metboda by which an equation may bo reduced to a form 
convenicut for solution. We have next to ascertain, as eloscly 
as possible, between v.-hat limits in the numerical scale the real 
roots lie, so as to avoid unnecessary labor in the search for 
those roots. 

Definition. — A superior limit to the positive roots of an 
equation is any number that is nearer to + co than the 
greatest of these roots ; an inferior limit, a number that ia 
nearer to tlian the least positive root. 

A superior limit to the negative loots is any number nearer 
to than the numeiically least of these roots ; an inferior 
limit, any nurnhor that is nearer to — co than the numerically 
greatest of tlicse roots, 

A superior limit to the positive roots of f{x) = 0, might 
also be defined as being such a number that, when it, or any 
greater number, is substituted for x in f{x), the result is pos- 
itive : for if, for any substitution, wo obtain a negative result, 
there must bo a root greater than the number that produced 
that result. 

In the following propositions rcsjjccting the limits of the 
roots of an equation, it is to be understood that the coefQcient 
of the first term is unity, unless the contrary is staled. 

T'l. Paop. I. — Tito greaUst ncffadve cor fflcienl of an equa- 
tion, taken 2'>ositii!ehj and increased hy unity, is a superior 
limit to ike positive roots. 

Let — k be the numerically greatest ncgatlvo cocfTicicnt 
in f{x) = 0, which we shall suppose to be of the n"* degree. 
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then any value of x that makes x^' — k {3f-^ + af"^+ x + 1) 

positiyc, that is, ar > k , will, a fortiori, make f(x) 

3/—' X 

positive. For, even supposing that all the coefficients after 
the first are negative, none of them is, by supposition, numer- 

ically greater than — h. Now the inequality x" > ^ - 

k '^~ 

is patisfied if a.-" = or > «". -, that is, if x—1 — or > 7c, 

or, a; = or > /i; + 1. Hence f{x) is positive when x =. fo +1 
or any greater nunaber, that is, /fc + 1 is a superior limit to the 
positive roots. 

Ex. 1. f{x) —a* — IS.'j' + 13z — 5 = 0. 

By the present propntition 15 is a superior limit to the 
positive roots. 

75. Pkop. II. — In an equation of the n* degree, if — k 
le the numerically greatest coefjlcicnt, and af" the highest 
power of X thai has a negative coefficient, then v'*^' + 1 '* a, 
superior limit to the positive roots. 

Let f{x)=.0 bo the proposed equation. Since all the 
terms that precede x"-" are, by supposition, positive, any value 
of X that makes x" > k {x"-' + a,-""'-' + . . . . x + )), that is, 

X" > k. will obviously make f{x) positive. The 

X — 1 a;"-'-+' 

preceding inequahty is satisfied if a:" > i . ^ , or if 

x'-^{x—l) > k, or if {x—iy = or > k, or if a; = or > F 
+ 1. Ilenco for x = V^" +1, or any greater number, f{x) 
ia positive, that is, '^k + 1 is a fuijierior limit to the ikkuUvc 
roots. 
Ex. — Taking the sivmo equation wo had above, 
X* - l!)x> + I3x - 5 = 0, 

wo have k = 15, and r = 4 — 3 = i.'; therefore VTE +1, 
or 6, is a superior limit to the positive root^ a limit much 
closer than that obtained by the preceding nictliod. 
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' 76. Peop. ni. — If each negative coefficient, taken posi- 
iivehj, he divided by the sum of all the positive coefficients that 
precede it, the greatest quolicnt thus obtained will, increased 
by unity, le a superior limit to the positive roots. 

Lot tbe proposed fiijuotioa be, 

f{x) = C„-i^ + CIaX"-' + C7„.2 2:"-^ - C„.iZ'^+ ....G^jf 

+ . . . . Ci = 0. 
To demonstrato the proposition, wc arrange f{x) in a form 
deduced from tlie expression for the sum of a geometrical 

Borics, -^Y" = a;"'' + z" '+ x-\-\, whence wo have, 

r"- — (k—I) (z"--' + a;'"-'+ a; + 1) + 1. 

We therefore transform all tho positive terms of the equation 
by this formula, leaving the negative terms unchanged, tlms : 

C„ 3^ =C'„(a;-l)2f-»+C„ (x-l)2:"-»+C„ (2:-1).t"-» + ...C, 
+ C„.ir-'= (7„.,(x-l)rc-'+ 6V>(a;-l)z"-' + . ..(?„., 

+ (7„.jZ"-'= C'„-j(a:-l)z"-'+...C„.2 

and so on, with the remaining terms. 

It is evident that in a given column only one negative 
coefficient can occur, since for different negative cocfhcients 
tho powcrB of X aro dilFcrciit. If in any vertical column there 
occur no negative coefficient, that column, of course, is posi- 
tive if X is not lc?s than unity. In a column, in whicli, as in 
that containing k""' above, a negative coefficient occurs, we 
mut.t, in order to obtain a pi,i;;i(ivo reault, have 

(C„+(7„., + a,-,)(a;-l > CU; 
and {C„ + C„., + . . . . a.x) {x-l > G„ 

if the column containing z' has a negative coefficient Ci 

that is, wo must bavo z greater than - ,, f,"* . r, — + !> 

(1 
and greater than y,-;-,,- -/ >7 — h 1. 
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If X, llicn, bo taken greater than tlio greatest of those 
expressions, that vahie of x will make all the vertical columns 
positive, sind consequently make f{x) positive. Hence the 
greatest of these expressions is a superior limit to the positive 
roots of /(r) = 0. 

Tliis is gonenilly the most cffoctlvo of the three limits yet 
given, and does not require the leading coefficient to bo unity. . 

Ex. 1. a:* + \Z3* — 21^3 _ G9.r> + 81a; — 53 = 0. 
By (74) wo have + 70 as a superior hmiL 
By (75) wo have -v/GO + 1, or 10, as a superior limit. 
By the present proposition we take the greatest of the es- 
pressions, ^ + 1, ^ + 1, a.d ^^:^^ + 1 ; 

the second is plainly the greatest, therefore 6 is a superior 
limit. 

Kx. a. :i:r- ~ J7:t* 'I- r,(U:" — 7H.f'' H- iKix — ion tLiz 0. 
By (74) we have 3G as a superior limit 
By (75) we obtain tho same limit 

17 
By this proposition we have -^ + 1, or 7, as superior 

limit 

Ex. .3. .a* -f- 7a;s — 156.-ia — 4532: — 954 = 0. 

By (74) wc have 955 as superior limit. 

By (75) we have ^954 + 1, or 11, as superior limit 

77. It is not generally of much importance to obtain an 
inferior limit to tho positive roots. Such a limit may be found 
by transforming the equation into another, whoso roots are the 
reciprocals of those of the proposed equation. The reciprocal 
of a superior limit to the roots of this transformed equation, 
will be an inferior limit to tho positive roots of the proposed 
equation. 

Ex. i'. a^ + 15r> — 37a; — 45 = 0. 

Tho equation of the reciprocals is, 

i^yi + 37^2 _ 15?/ - 1 = 0. 
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A Biiperior limik to ,tho positive roots of this is (7C), 
+ 1, or -— ; therefore ^ is an inferior limit to the 



45+37 ' ' 82' -"■"— 07 
positive roots of the proposed equation. 

78. To find liniilH to the iicgativp rool^i, wo clmngo the 
alternate signs of the proposed equation (tiiking account of 
absent tcrma), thus ohtuining the cocfficienta of the equation 
Tchose positive roots are numerically the same as the negative 
roots of the proposed equotion. Superior and inferior limits 
to the pos'tivo roots of the transformed will, taken negatively, 
be inferior and superior limits to the negative roots of the 
proposed equation. 

Es. 5. 7x* — 132^ + 38a; — 43 = 0. 

Merely taking the cocCQcicnts with alternate sign changed, 
wo huvo 7 + — 13 — 38 — 43, from which wo obtain 

-j^ -f 1, or 8, aM ii MUpurlor llinll. lUnoo — 8 is an iiiforiur 

limit to the negative roots of the proposed. 

79. The limits obtained by the above methods are often 
fax from close. Thus, in the preceding example, 8 was ob- 
tained as a supoiior limit to the positive roots of 

7j-« _ isf — 3Si/ — 43 = 0, 

while 3 is, in reality, a superior limit. Among other methods 
that have been proposed, that of Newton gives the closest 
limit. As -this method is, hov/ever, virtually comprised in the 
method of analysis given in (187), we refer to that article. 

EXERCISES. 

By one of the preceding methods, find superior limits vx) the 
positive, and inferior limits to the negative roots of the follow- 
ing equations : 

1. a:S ^ 152; + 36^ — 54 = 0. 

2. 5x* — 3Gx' + 13a: — 91 = 0. 

3. 23;= — 72:* + Oar' ~ Ha;' + 13z — 15 = 0. 

4. ofi + 13ar> — 39a;' — 54a; + 105 = 0. 
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80. Prop. IV. — Jf two numbers, successively aulstUuled 
for the unknown quantity in an equation, give results with 
contrary signs, these numbers include between them an odd 
mimher of the roots of the equation; if the numbers give 
results with the same sign, they include either an even number 
of the roots, or no roof. 

Lot p and q be respectively superior tmd inferior limits 
to ccrtiiin rc.nl roots a, , ^2 , O3 , . . . . a„ , of an equation 
f{x) = 0. 

f{x) = (a;— fli) (x— aa) {x—a^) .... {z—a„) <p{x), [1] 

where <p{x) is a function formed from the product of quadratic 
factors corresponding to imaginary roots, and binomial factors 
containing roots that He "without the limits p and q, so that 
<P(t) cn.nnot change sign for any value of x between p and q. 
If in [1] we put p and q successively for x, wo have 

f{p) = (p—a^) (p—a^) {p—ai)....{p—a„)'t>{p), 
fil) = (q-ad {q-a2) (q-a,). . . .{■q-a„,)4>{q). 

Since all the factors {p—Ui), {p—a^, (^— «„), are pos- 
itive, and all the factors {q—a^, (q—a,), {q—a„), negative, 

while (pip) and 4>{q) have the same sign, f{p) and f{q) will 
have the same, or contrary signs, according as the number of 

the roots rti, a^, a^, a,„, is even or odd. Ilcncc, if ^ and 

q include between them an even number of roots, they pro- 
duce results with the same sign, if an odd number, results with 
contrary signs. 

Ex. f{x)=za^- 18r» -|- lOlic — 180 = 0, 
/(O) = -180, 
/(G) = -6, 
/{10)= 30. 

As /(O) and /(6) have the same sign, we infer that there is 
either no root, or an even number of roots between and 6 ; 
there arc really two. As /(6) and /(lO) have contrary signs, 
wo infer the presence of some odd number of roots between 
6 and 10. 
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' 81. It is obvious from this proposition that if wo know a 
■quantity k smaller than the least difTcrenco between any two 
uncHiual roolM, wo could, by snliRlitutinf; in Bucccssion k, 'Zl; dk, 
&c., for X, obtain a3 many changes of sign as tlicro aro unequal 
roots in the equation, and thus ascertain their number and 
situation. For when, in the course of our substitutions, we 
should pass the least root, a change of sign would apprise us 
of the fact, and so on till wo had pa.ssed all the unequal roots. 
In order to find such a quantity, less than the least difference 
of the roots, Waring proposed to transform the equation into 
another whose roots should bo the squares of the differences of 
the roots. Then, supposing we found I as an inferior limit to the 
positive roots of the transformed equation, Vl would bo a 
quantity less than the least difference of tho roots of the pro- 
posed equation, and wc could employ it as above suggesied. 
This method of separating the roota is, no doubt, theoretically 
perfect, but tho great labor of forming tho Equation of tho 
DiffereriwH for equations ahovo the fourth degree, has caused 
the method to bo entirely abandoned. 

83. Peop. V. — 1/ flie first derived function f\{x), of an 
equation f{x) = 0, be equated to zero, a real root of f (x) = 
lies letween every adjacent iivo real roots of f{x) = 0. 

Let «!, ff,, 17.1, a,„, denote tho real roots of /(x) = 0, 

arranged in descending order of niiignitude, (hen 

fix) = (x-a,) (x-a.;) (x-a,) .... {x-a„) <p{x), [I] 

where <p (x) is a function that cannot change sign, being tho 
product of tho quadratic factors corresponding to the imagi- 
nary roots, if any, of / (x) = 0. 

In [1] we put 1/ + z for z ; then, as y + z — a 

— «.+ ?/ — «> 

f{y + z) = {z+f^i){z + y^.2){z + y^3)...{z + i/^^)^{y+z). 

If now tho first member of this identity be expanded by 
Art. 7, and the second member by Art. 45, i:i ascending 
powers of z, we have 
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fiy) +/l (W) « + &C. = {S^ + S^.,Z+ . . .) {<p{y) + 4>im^+ ■•), 

where /SU = the product of all the terms j/-a,, y-a2,...y~a,„, 
and /S),,., z-z the sum of the products of the same terms, taken 
m — 1 at a time. 

Equating the coefficients of z, -we have 

Substituting for 6',„ and S„.i their values, and putting x for 
ij, as it is now immaterial what symbol -we employ in this last 
result, we have 

/,(z) = \{z-a2){x-aj) . . .{x-a„) + {z-ai){x-a3) . . .ix-a„) 
+ ...}</) (a;) + (a;— a,) (x— ffj) (»— cts) ■ • • (x—a^) 0i (2). 

In this result wo see: (1), Whichever of the quantities 
Ci , 02 , . ■ ■ a„ , we put for x, the cocfQcient of 0i (2;) will 
vanish ; (2), in the coefficient of <(> {x), when we put for x 
one of these quantities as a,, all the products will vanish 
except that in which the factor x — a^ is not found ; (3), 
this product will dctermiuo the sign of f{(ii), as (j){x) is 
always positive. Thus 

/i (a,) = (fli — flj) (fli — 03) («i — «».) («i)> 

/i("2) = («: — ffi) (ff2 — as) (ffj — O * K). 

/, (rt3) = (flia — «,) (flj — «:) («3 — «m) <;'' (a^), 

fi {a„) = (ff™— «i) (flm— flj) (a,»-a».-i) 4> (««)• 

These products are alternately positive and negative ; for 
the first contains no negafivo factor, the second contains one, 
(a, — Ui), the third contains two, (flj — fli) and (^3 — a^), the 
fourth contains three, and so on. Hence, by the preceding 
proposition, an odd number of the real roots of /i (a:) = 
must lie between every adjacent two of those of f{x} = 0. 

83. In the preceding article it has been assumed that the 

rents or,, a^, a^ «„, are all unequal. The conclusions 

there arrived at hold, however small the differences between 
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certain of the roots may be. Equal roots may bo regarded as 
roots with a diiferencc infinitely small, and the proposition 
holds with regard to them also, as may be seen from the fol- 
lowing articles. 

"" 84. CoE. \.—If /{x) = have r roots, each equal to a, , 
then /i (x) = has r — 1 roots, each equal to' «, . 

For if f{x)=zO has two roots cich equal to a,, then the 
factor z — Oi must occur in each o' the products that form 
the coefficient of (p (x), and consc([Ucntly /i (a,) = 0, Thus, 
when /(ar) has two factors a; — a, , /i (z) has one such factor. 
If f{x) has three factoi's x — a,, /i {x) has two such factors ; 
for after dividing each of these functions by x — Ui, the quo- 
tient from f(x) will still have two factors x — Oi, and there- 
fore the quotient from /, (.t) must have one such factor. 
Thus, generally, when f(x) has r factors x — a, , /, (z) hii5 
r — 1 such factors. Tluit is, when /(z) = has r equal 
roots,. /, (x) — has r—1 equal roots, which wo may con- 
ccivo as Ijing one between each adjacent two of the r equal 
roots of /{r) = 0, being indeed an arithmetical mean be- 
tween those two. 

The same obserrations apply to any other groups of cqunl 
roots in f{x) = 0. Suppose that f{x) = has the root a 
repeated r times, the root 1/ repeated s times, and the root c 
repeated t times, tlien f(x) and fi(x) have (x—ay~^{x—l)'-^ 
(x — c)'"' as a common diWsor. 

85. CoK. 2. — Only one root of the equation f{x) = can 
lie hdioecn any adjacent two of the roots of /, {x) = 0. For, 
if there could be two, there would be at least ono root of 
/, {x) = Ijing between thcni, so that the roots of /, {x) = 0, 
supposed to be adjacent, would not be adjacent 

8G. Cor. 3.— If /(a;) = has ?« real roots, then f{x) — 
must have at least m — 1 real roots in order to havo one lying 
between each adjacent two of those of f(x) = 0. Hence, if 
an equation have all its roots real, tho derived equation will 
also have all its roots real, each lying singly between a pair 
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of those of the proposed equation ; the derived equation 
/i (x) = is in this case properly called the limiting equation 
of fix) =0. 

87. Since f2{x) is, Art. i, the first dcriyed function of 
/i W' A (^') = ■^^'11 l^ii^'O Jii^ odd numhcr of its roots 
lying between each adjacent pair of the real roots of fi{x) = 0. 
ir, then, f(x) =0 has m real roots, fi{x) — has at least 
m — 1 real roots, and /j {x) = has at least m — 2 real 
roots. Proceeding in this way, we arrive at the general state- 
ment that, if f {x) =0 han in real roots, f, {x) = has 
at least m — r real roots. 

88. Cor. 4.— If f{x) = 0, being of the n"> degree, has 
p imaginary roots, it has n — p real roots ; and since, by 
the preceding article, fr{x) =0 has at least n — p — r 
real roots, it can, being of the (w — r)"" degree, have only p 
imaginary roots at most. Hence, if any of its derived equa- 
tions have p imaginarii roots, f{x) ■=. must have at least 
as many. 

89. Cor. 5. — If we know all the real roots of /, [x) = 0, 
we can, by means of them, ascertain how many real roots 
f {x) =0 contains. 

Let a, (3, y k be the ,rcal roots of fi [x) — 0, ar- 
ranged in descending order of magnitude. Wo substitute 
these qnantiiies, in order, for x in f{x), and note the signs 
of the results, /(a), f{l3), /(y) /(«)• 

Tlicn, r.-jcording as f{a) is negative or positive, the pro- 
posed equation has, or has not, a root greater than a. The 
equation lias, or has not, a root between a and P, according 
a,s /(a) and /((3) differ or agree in sign, and so on. Finally, 
if /(«) be positive for an equation of odd degree, or nega- 
tive for ono of even degree, there is a root of f(x) — 
less than k, otherwise not. The number of the real roots 
of /(cr) = is accordingly equal to Mie number of changes 
of si<'n in. tlio series of results produced by the substitu- 
tions, in order, of + f-', «, P, y, ■ ■ ■ ■ k, — 'j-j for x in 
/(a:)=0. 
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90. This property of the roots of derived equations is 
the basis of a method suggested by Eolle for separating the 
real roots of an equation. lie proposed, by nicans of the 
derived equation of the second degree, to find limits to 
the roots of the preceding derived equation of the third de- 
• gree; thence limits to the roots of the antecedent derived 
equation of the fourth degree, and no on till limits were 
obtained to the roots of tlie proposed equation. This, called 
tlie Method of Cascades, has, like that of Waring, been 
entirely abandoned on account of tho length of the calcu- 
lations required. 

Note. — An equation of tho third degree can, of course, be cnsily ana- 
lyzed in this manner, fiiricc its first derived function is of tlie second degree, 
It appears, hov/cver, to have been liitherto overlooked that an equati'jii of 
the i'lnirth degreo can ii'.Mi bo aualy^^i d hy the aid of a quadratic, or lliut, 
generally, any ciju^tinn in which the second trrm fronibcpnningorend Is 
absent (a condition that can always be fulfilled byArt, 71i, can be analyzed 
by the aid of an equation lower by two degrees. Let tho equation bo, 
C\x- + + a._^x"-' + . . . . Cix- + (7,x + G, = 0. [1]. 

Forming (04) the equation of the reciprocals of this, and equating its 
first derived function to zero, wo havo 

nCoy-' + (n-l)6'ir-' + . . . . 8(7._,j/' + 2(7,^, y = 0. [2]. 
An odd number of the roots of [3] lies between every adjacent two of 
the reciprocals of the real roots of [1] ; therefore, taking the equation 

2C._5r— I + SC-sZ--' + . . . . (n-l)Cie' + nC'oZ = 0, [3] 
whose roots arc tho reciprocals of those of [2], v.-e have an equation whose 
roots Bf'parak; thoBO of [I]. One root of [3 1 is z = ; tho remaiidng roots 
can be determined by an equation ot tlie drijreo n — 3. If wo Bupi'oso 
[1] to be of tho fidli di'f-Tce, itfi roots can be wniarated by tho^c of the 
cubic 2(!jt:' + gr'vz' + -lOi s + fiGo =- 0. mid anollicr root j = 0, If tho 
equation bo of tho fourtli degree, its roots will Ix! separnti-d by tlioiic of 
tho quadratic 2C\z' + SOiZ -t- 4t'(i = 0, which are given in tho formula 

z = -SO.^VsgZEgSg. and another root z = 0. 

Kx. 1. Tho iKjuatlon ar'— 13j' + 12x— .') = has for rootn 7 - -3.9, ., 
X = Ai. ., .GO. ., 2.8. . ; by the alxivo formula wo obl^iin 2 = 0, .0, 1, 
which Ecpnrnto tho vabien of I. 

l)x. 2. Tho cqiiMtlon x* - Wlx'' + '.Wflx + IH^fi = has for roolH 
a=: li.TOS^S... 13.70830.., — .70. ., -21.7. . ; by tho aid of tho formula 
wo obtain z =: 12.70H34. ., 0. — .fi.'i. . , whicli scjiarato tlio roots of the 
(xjuation, two of which concur to six ilgureti. \Ve tliim hcc that rcpm. 
tlona of less than the fifth degree can bo easily analyzed by means of 
limiting equatioiw. 

Though an eqontlon of tho third degroo in itfl moft general form mny 
be analyzed by means of a quadratic, it may be of uso to note that when 
in tho form d x" + dx + Co = 0, Its two smaller rf>"t <, which are of the 
Eaino sign an C„, can bo rrparated Viy "('t, -(- — 2Ci, If they are mil. Fur 
ciaiii]>lo, thec<iuatlon x'^— 7.f 4 7 = bus ouo rmit greater tlian ,l'j = '>'''i 
and one less. For exerciees tho student is referred to the numerous ex- 
amples given on pages 12.5 and 153. 
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OHAPTEE YI. 

OK THE DEPRESSION* OF EQUATIONS. 

91. In the present chapter we shall treat of those equations 
which, on account of certain relations existing among the 
roots, are capable of depression, that is, of being resolved into 
equations of lower degrees. 

Among the most important of these, are those eqiiations 
which contain equal roots. We propose to show how these 
equal roots may be eliminated, and the solution of the equa- 
tion containing tliern reduced to that of equations of lower 
degrees having only unequal roots. 

02. Prop. T. — An equallon f{x) =0 has, or has not, 
tqual roots according as f {x) and fi{x) have, or have not, 
a common fadur iiivolving x. 

As far as regards real roots, this has been shown in Art. 84, 
and that result may be made to include imaginary roots by a 
slight modification of the demonstration. 

Thus, let a, , ff^ , 0-3 , . . . . «,. include all the roots of 
/ (x) = 0, real or imaginary ; then 

f{z) = (x-ai){x-ai)(x-a3) ■ . ■ • (a;-a„). W- 

f^{x) = \{x-ai){x-a3). • .{x-a„) + {x-ai){x-a,)...{x-a„) 

+ &c. I [2]. 

It is evident that f{x) and /,(x) have no common factor 
if all tho factors in f{x) are different; for then all the 
products in [2] are different, each being equal to f{x) divided 
by a factor (x-a,), (x-a^), &c., different in each case ; or. 



^(^=^^1 +^ + ^ 



ttj a— a,. 
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If in [1] we sapposo r of the roots to bo each equal to a, 
8 of them equal to b, and t of them equal to c, then 

fi{x) = \{x-ay-^{x-l)'{x-cy . . .{x-a„) + {x-ay{x-b)-' 
{x—cy. . . ix—a„) + {x—ay(x—iy{x—cy-K . . {x~a„) 
+ producta each containiug (a;— fl)''(z— J)'{2;— c)' \. 

Thus (x— s)'-'(3;~&)'*'(a;— c)'"' occura as a factor in every 
term of /i(a'), iiud id therefore a common factor of f{x) 
and J\ {x). 

I>3. In order, therefore, to determine whether an equation 
f{x) = has Cfiual rools, wc have only to ascertain whcUiur 
/{x) and /i (a;) have a common divisor ^ (x). If such a com- 
mon measure be found, then the quotient of f{x) by (l>(x) 
v;\]], equated to zero, contain all the roots of the proposed, 
without repetition.' If (j) (x) is of tho form {x — a)', it will bo 
found advantageous to divide by (x— a)''+', so as to obtaiu the 
quotient of as low degree as possible. 

Ex. 1. Given /(x) = x* — sc' — ZOz» + 32a; + ICO = ; 
required to determine whether tho equation has equal roots. 

Ilere /, (x) = 4x'' — 3x^ — CO.s + 32, and wo find a com- 
mon measure (x—i); f (x), therefore, has a factor (a;— 4)', 
dividing by which, we find 

f{x) = (a;-4)2(z2+7ar+10) = 0. 

Thus tho roots of tho equation arc, —5, —2, 4, 4. 

Ex. 2. Given f{x) =z ix^ + 17ar» + 8x? — 40a;' — 33a; + 16 
= ; determine whether tho equation has equal roots. 

Here /i (a;) = 2Qx* + GSa? + 2ix^ — 80a; — 32, and wo 
find a common measure a;^ -f- 4a; + 4 ; f{x) has, therefore, 
a factor (a; + 2)'. Dividing by this, we find 

f{x) = (a;+2)'(4xS-7a; + 2) = 0. 

Thus tho roots of the equation are, — 2, — 2, — 2, and 

94-. Tho common measure of f{x) and /, (x) may, how- 
ever, be itself an expression containing moro than one set of 
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cpcatcd factors. Wo require, therefore, to deduce a systematic 
)rocess for obtaining Beparato cquatious tliat contain only one. 
ct of factors. 

Let A'l bo the product of all the factors that occur but 
)uco in f{x) ; X2 , tlie product of the factors that occur 
wico ; Xj , the product of those that occur thrco times j 
md so on, any of these factors, as A'„ , being unity if there 
3 no Kot of factorfi repeated m times. Thus /(x') = A", 

yi Y^ T-i Vr 

Denoting the G. 0. M. of f{x) and /, {x) by 0, {x), ivo 
lavc, 

ind denoting tho G. C. M. of <f>i (r) and its derived function 
Pi{x) by <pi{x), we have, 

f/., {x) = X, X,' xr'. 

In like manner wo obtain in eucccsEion, 

■<!>, {x) = X, X,- X/-\ 



<Pi {X) = Xs . . . . Xr' 



r-4 
> 



0, [x) = 1, since X, has only unequal factors. 
From these functions we obtain by division. 

Wo can now obtain tho separate factors Xi, X2, A'., , 

by another division ; thus, 

F^ (^) _ Y ■ r^^ - X • ^-^'^) = X ,. 
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Finally, by oquating the functions X, , X-i X , to zero, 

we obtain the roots of the proposed equation ; any root that 
occurs ill A'„ , f(ir oxsmiplo, ocurrinf; vi times in /(x) = 0. 

The process may bo presented as follows : 

_^' /(-), </>i(a:), ^^{x), .... ^,.,(a:), 

F,y), F,{x), F,{x), . , . . Fr {X), 

A I , Xl , Aj , . . . . Xr , 

In the first line, each term, after the flrat, is the G. 0. M. 
of the preceding tenn and its -first derived function. In the 
second line, cuth term is the quotient of the terra under 
which it stands, by the next term in the eamo lino. In the 
third line, each term is the quotient of the tci-m under which 
it stands by the next term in the second line.- 

The following example will illustrate the process. 

f {x) = 3?— Ix^ — 22« + llSx' — 2592r< — 832:3 ^ dga-a 

■ — 108z — 433 =: 0. 
<^i {x) = xS — 1'j?^ 13;i» + Sx — 18. 

0j (z) = ar — 3. 

F, {x)z=z7^ — 15a^ + lOx + 24. 
Filz) = a^—ix' + x + G. 
F,{x) =x-Z. 
X, =2 + 4. 

X. -Q? — X — %. 

Xi =x-Z. 
.-. / (a;) = (x + 4){r!-a;-2)»(2;-3)». 

95. Cor. — When the coefRcients of f{x) are all commen- 
surable, the functions A'l , X2 Xr , have likewise all their 

coefficients commensurable. Hence 

(1). If only one of the roots of f{x) = is repeated r 
times, that root must be commensurable; for it will bo de- 
termined by an cqnation X, = 0, which will bo of the fiist 
degree, and contains no incommensurable quantities. 

(3). Hence incommensurable equal roots will be deter- 
mined by equations of at least the second degree ; and any 
equation that contains such roots must have a factor X,", 
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vlioro ?n cannot bo loss than two ; tliat is, the equation must, 
it least, have a factor A'/ of the fourth degree. Hence 

(3). An equation of the tlurd (](';;rec witli coninunmurahlo 
joellieients cannot have equal roots that are not commen- 
iurable ; and 

(4). Au equation of the fourth degree with commensurable 
jocfficicnts cannot have incommensurable equal roots, unless , 
ts fjn-it tnonibor is a perfect i>(iuaro ; 

(5). Au equation of the fifth degree cannot have incommen- 
iurablo equal roots, unless it lias one coinmcnsmable root. 

(G). Eciuations of the sixth and higher degrees may have 
iuch roots, even when their coeflicients are all commensurable. 

90. We are thus in possession of a method by which we 
;an eliminate all equal roots from an equation, and obtain 
it her equations of inferior degrees involving roots without 
my repetition. The process, however, though simple in 
theory, involves much numerical Libor in equations of high 
legree, with largo coeCicients, as will be fully appreciated 
ivhen we come to exemplify Sturm's Method, which consists 
?ficntially in au operation similar to that of finding the 
G. C. M. of a proposed function, and its first derived function. 

EXERCISES. 

Find the equal roots in the following equations : 

1. x' — a;' — 8.e + 12 = 0. 

2. iz^ + 12^2 — G3x + 54 = 0. 

3. ar' — 72^' +220j; + 75 = 0. 

4. 8x* — 52x3 ^ cCa,-= + 77a; — 49 = 0. 

5. afl + x^ — IS.-r' + ll.r' + 2I2; + 5 = 0. 

(j. 3^ — 13a:* + 12^3 + 97a;3 + GQx + 12 = 0. 

EECIPEOCAL EQUATIONS. 
97. In Art, G4 we found that an equation 

af + C„.,a;"-' + C„.,x''-'+ . . . . Cjs:- + C,a: + C„ = 
may be transformed into an equation whose roots are the 
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reciprocals of those of Iho proposed, by simply writing tho 
cocfficieuts la reverse order, auil repliicing x by some other 
Byiubol, If tho nisiill.ing traiiflroniu'd cfimition bo identical 
■with the proposed equation, it is obvious thut for every vuhie a 

that satisfies either equation, there must bo another value - 

a 

that also satisfies it. Such equations are called reciprocal 

equations, and it will bo shown that they caii bo depressed to 

equations of one-half their own degree. 

98. To lind what relations must exist among tho cocfll- 
cients in order that a proposed equation may bo a reciprocal 
equation, suppose tlio equation above to bo transformed by tlio 
rule in (04), and divide through by (7oj thus we obtain 

f + Sy-' + S'r-H . . ..-:?f + %i + 1 = 0. 

In order that the transformed may bo identical with tho 
proposed equation we must have 

(J 

77 = t^n-i , or 6i = CoC„_i ; C2 = CoC7„-2 ; . . . Cv = C1)C7„_, ; 1 = Ci . 

From tho last equation wo obtain CJ, = -1-1, or Co = —1, 
and this gives rise to two classes of reciprocal equations. 

First. U Co = -1- 1, we have 

Ci = Vn-\ ) Cj = C/„.s ; . . . . C, = c/„.r ; . . . . &c. 

Therefore an equation is a reciprocal equation when co- 
ejftcicvts cquidislant from tho first and last arc equals 

Secondly. If Co=— 1, wohavo 

(7i = — C„.i ; 02=: — 1/„.2 ; . . . . C> = — t/,., ; &c. 

In this case, supjrosing n = 2m, wo should havo tho middle 
term C„ = — 0„, which is impossible unless C„ = 0. 

Therefore a7i equation is a reciprocal equation when co- 
efficients equidistant from the first and last are numerically 
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'.qual though of contrary signs, provided that the middle co- 
efficient la zero, if the equation be of even degree. 

Ex. 1. a:« ~ Txn 4- Atio^ + Vix'' + 45.«2 _ 7a; + i — o, is 
I reciprocal equation of tho first class. 

Ex. 2. £C« + \lx' — hofi — 31x5 + 31x= + Sar' — llz — 1 = 0, 
s a reciprocal equation of the second class. 

99. A reciprocal equation of tlie. first class, and of odd 
iegrec, is obviously satisfied by x = —1, and has, therefore, 
its first member divis^iblo by x + 1. Since ttio remaining 
roots occur in reciprocal pairs, the quotient arising from this 
Jivision will, equated to zero, be a reciprocal equation of even 
Icgrco with its final term positive. 

In like manner, a reciprocal equation of tho second class, 
md of odd degree, has its first member divisible by a; — 1, 
ind can thus bo depressed to a reciprocal equation of even 
degree Avitli its final term positive. 

A reciprocal equation of the second class, and of even degree, 
is evidently satisfied by both x = 1, and « = — 1 ; its first 
member is therefore divisible by a? — 1, and will furnish a 
quotient which, equated to zero, is a reciprocal equation of 
even degree with its final sign positive. 

Every reciprocal equation is tlicrcforo cither of even degree 
«-ith its final sign positive, or may be reduced to that form 
preparatory to depression by the following theorem 

100. Prop. I. — A reciprocal equation of even degree zvith 
its last term positive, may *fl dej^rcsscd to an equation of one- 
lialf the degree of the proposed. 

Let a:^"'+(7,a;="'-' + C,a:2'"-^+...Cia:^+Clx + l = [1] 

be tho proposed equation. 

Collecting in pairs the terms that are equidistant from the 
first and last, and dividing by z"', we have 
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Let . " ." ■ ' , 

X +- = ij; then 

^ + ^ = f - ^, 

By substituting these values in [2], wo obtain an equdtion 
of tlic 7n"' (lep^oo in y, tlmt ip, an equation of half the degree 
of the iiroposed. Any root, as a, of this c<iuation will give 

two roots of the proposed by means of the relation x + - = a; 

or, x^ — ax + 1 = 0. 

Ex. Let 2j:« — 12a:' + 19r« - 19x« + 12a; — 2 = 0. 

Since both + 1 and — 1 are roots by inspection, we divide 
the left hand member by a;' — 1, and obtain, 

2x* — 12x3 + 21a:' — 12a; + 2 = 0, 
therefore 2 (z^ + ^) - 12 (a; 4- -^) + 21 = 0, 

and putting x ■] — - = y, v;c obtain 

2(2/'-2)-12y + 21 =0, 
or 2if — VZy + 17 = 0, 

thence y = \{& ± V^), 

and X = 2 i V2 or 4-(2 ±^2. 

EXERCISES. 

Solve the following reciprocal equations : 

1. iy^ — 1}? + 3I.f' — 7a; + 3 = 0. 

2. Zx^ + 8a:S — SGa:^ + ftr + 5 = 0. 
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3. a? + 14x* — 2525 — 25^= + Uz + 1 = 0. 
■ 4. 8j:« — 522<— 70a^+ 79a:2_j. 52a: — 8 = 0, 
5. a:« — 23i-= — Siz* + S-kt? + 23a; — 1 = 0. 

BINOMIAL EQUATIONS. 

101. These equations arc such as consist of two terms 
only, tiA, 

x" — A = 0, 

Tvhcre yl is a known, quantity. This is the only extensive 
class of equations that arc capable of complete solution by a 
general method. Their general solution, however, depends on 
De Moivrc's formula, and is contained in works on Trigo- 
nometry. The following propositions comprise the theory of 
Binomial Equations and the solution of such cases as are 
readily solvable by algebraical processes. 

103. Peop. I. — TJje roofs of a Mnoviial equation are all 
differ cnL 

For the first derived function o£ of — A is nz"-^, and no 
value of X can make sT —A smd nx"-^ vanish simultaneously. 
Sco Art. 92. 

103. Cor. — Any algebraical quantity (that is, any quan- 
tity included under the general form a + bV^^i, where 
a and b are real quantities, positive, negative, or zero), has 
n different Ji'" roots. From the above equation wo have 
X — \^A, and x has n different values (36). 

101. Piiop. II. — AH the n" roots of an algebraical qvan- 
tity may be found by multiplying one of them by the n differ-, 
cut n"" roots of unity. 

For in the equation xT — A =: put ay for x, where a de- 
notes one of the m"* roots of A. Then we have 
a"y" = a"; or, y" = 1. 

From this wo have y = Vl. Henco x = yA = ay 
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105. Since we can always, as in the preceding article, re- 
duce a binomial equation to the form" a:" ± 1 = 0, wo shall, 
in the follov/ing propositions, confine our attention to this 
form. 

lOG. Pkop. III. — 7/" a U any root of the equation 
af — I = Q, then any integral poioer of a will aho be a root. 
For (a")" = a"™* = (a")"" = 1"" = 1. 

107. Con. — It licnco appears tlmt the roots of the equa- 
tion a;" — 1 = may be represented under an infinite variety 

of forms, since each term of the scries a~"", a~\ a~\ o-', 

a", a, a', a?,.'... is a root. Of these there cannot, however, 
be more than n essentially different, as otherwise the equation 
would biivo more than ?t roots. 

108. Prop. IV. — If a Ic any root o/ a;" + 1 = 0, then 
any odd integral poiver of a will also le a root. 

For (a")" = (a-)" = ( — 1)" = —1, if m ia odd. 

109. Pkop. V. — If m la prime to n, the equations 
a;"* — 1=0, and x" — 1 = 0, have no common root but 
unity. 

Let p and q bo integers such that pm — qn = 1,* and 
suppose a is a root common to the two equations. Then, as 
a" = 1, and a" = 1, we have also aJ"" = 1, and a'" =; 1 
(105). Hence, by division, c'""~«'" = 1, or o' = 1 ; that is, 
the only common root is unity. 

110. Prop. VI. — If n is a prime number, and a an 
imaginary root of x'^ — 1 =0, then all the roots of the eqva- 
tion are found in the series, 1, a, a\ a', . . . . a""'. 

For thrr:o are all roots by Prop. V; and no two of them 
are equal. For, if possible, let af = a', then o''"' = 1, 
that is, a is a root of x''~^ — 1=0, and also of x" — 1 = 0, 
which is impossible, since p — q being less than n must be 
prime to it. 

• Sach Intcjjcrs can alwaye be foBud by algebra. 
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111. Prop. Yll. — The sohdion 0/ «" — 1 = 0, wUre n 
is a composite numher, may be made to depend upon the solu- 
tion of the equations x^ — 1 z= 0, x^ — I = 0, <£c., wJwre 
p, q, r, i£c., are the dijferent prime factors of n. 

First suppose n = pq, where p and q are prime to each 
otlicr. Tlicn x" — 1 = 0, or x'" — 1 = 0, is divisible hy 
both xP—l and .t'— 1. By Prop. VI, the roots of x^—l^ 0, 
arc, 

1, a, a', a', o?"', 

and those of ar' — 1 = 0, let us suppose are, 

1, /3, {r;li\....(i^\ 

and all these are roots of x" — 1 = 0. Also the products 
formed by multiplying each term in the first row by each 
term in the second are all roots. For each of these products 
is of the form o'/3", and since a™ = 1, and (i"" = 1, therefore 
{a'fi'Y = 1, that is, a'/S* is a root. Jlorcowr, no two of these 
pro'ducts are alike. For, if possible, suppose a''l3" = a'fi', 
then a'"-' = j3''-". But as a"-* is a root of 2;'' — 1=0, and 
/i'"' )i root of of — 1 = 0, these equations have a common 
root besides unity, which (110) is impossible, since p and q 
arc prime to each other. Therefore tlie pq products, formed 
by multiplying each root of a;'' — 1 = by each root of 
xi — 1 = 0, arc the roots of a;*^ — 1 = 0, or a:" — 1 = 0. 

In the same way, if n be the product of three prime factors 
p, q, r, it may bo proved that the roots of x" — 1 = are 
tlic pqr products obtained by multiplying together the roots 
of the equations a;'' — 1 = 0, .-rrJ — 1 = 0, a.-' — 1 = ; and 
similarly for any number of prime factors. 

113, Again, let n be a power of some number, as n = /j'. 
Suppose the roots of a;*" — 1 = arc 

1, a, a\ a", ....aP-', 

then these as well as 

1, ^a, ^a\ ^',....^^« 

are roots of .t'"'— 1 = 0, as is also the product of each root 
ii\ the fircit row by each root in tlio second. Wo have there- 
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foro /j' different quantities of tlio general fonn o' • if'o' all 
satisfjing the proposed equation, and these are therefore all 
the roots. 

But by the solution of a;'' — 1 = we obtain only the p 
roots given in the first row above ; those in the second row 
must obviously be determined by solving the proposed equa- 
tion. A similar remark applies when n — jf,- where r = 3, 
or any greater number. 

Thus we can find all the roots of z** — 1 = by solving 
7?~1-=L^, and ^~\ — ^; but if ar» — 1 = be given, 
wc can find by this method only five roots, and if a:*" — 1 = 
be given, only scyen roots. 

113, Pkop. VIII. — Tlio solution of an equation .-r" ± 1 = 
may be reduced to that of an eqiiation <f not more than one- 
half the degree of the proposed equation, and having all its 
roots real. 

For, taking the most unfavorable case, x" + 1 = 0, where 
n is an even number, and the equation has therefore no real 
root, wo see that this is a reciprocal equation of even degree 
with its final term positive; it may therefore (100) be depressed 
to an equation in y of one-half the degree of z" + 1 = 0. 

As y =z X Jr -, or o? — yz + 1 = 0, y, being the sum of 
a pair of conjugate roots, is real 

a:" — 1 = 0, when n is even may be depressed two degrees 
by dividing by a:* — 1 ; and a:" ± 1 = 0, when n is odd, may 
be depressed one degree by dividing by a; ± 1. In either case 
the depressed equations are reciprocal equations of even degree 
with their final terms positive, and these again may be dc- 
l^rcsscd to equations in y of less than one-half the degree of 
the proposed equations. 

Ex. 1. z^ - 1 = 0, 

.-. {x-l){7?+x+V, = Q. 

Hence the roots are 1, and — 1(1 ± V— 3), which values 
are the cube roots of unity. By changing their signs, we 
obtain tho three cube roots of — 1. 



"^^ ALOEBBAICAL EQUATIONS. 

Ex. 2. z* + 1 = 0. 

Putting y = a; + 1, ^e obtain ^-2 = 0, whence 

. ^ r- y = ± VS, 

and a^+.l =(:?:' + V3-a;+l)(s2_V^ • 3;+ 1), 
from ivliicli we obtain as tbo four fourth roots of unity, 
\{Vl± V^^i), and _ 4 ( V2 ± V^-1). 
Ex. 3. y? — \ — 0. 

From this, dividing by x — 1, we obtain 

a:* + x8 + a^ + a; + l=0. 
Putting jr = a; + - , wo have 

2/' + y — 1 = ; whence y = — 1(1 ± Vs). 
Therefore 

wlience we obtain aa the five fifth roots of unity, 

1, i('v/5-l±|/-10-2V6), -i(V5 + l±j/-10 + 2VBV 

These, with changed signs, are the fifth roots of — 1. 

Ex. 4. a;« — 1 = 0. 

By Prop. V, the solution will be effected by finding the 
roots of a^— 1 = 0, which are 1 and — ^(1 ± V-^3), and 
those of a:^ — 1 = 0, which are 1 and — 3 ; the products 
of these sots of roots will furnish the six sixth roots of unity. 

114. Wlicn we proceed in the same way to solve «'— 1 = 0, 
wc obtain a reduced equation in y of the.tliird degree; for 
a;* — 1 = 0, a reduced equation m y of the fourth degree, 
and so on. 

These algebraical methods of obtaining the roots of bi- 
nomial equations are of little practical importance, since,, as 
before mentioned, the roots of such equations are most readily 
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and symmetrically obtained by the aid of De Moiyre'a For- 
mula. 

115. Besides the three preceding classes of equations, any 
equation is capable cf depression when we know that the roots, 
or some of them, are known functions of each other. K the 
roots, for esamplo, are known to be in geometrical, or arith- 
metical progression, we can by means of the known relations 
between the roots and coefficients. Art. 45, easily depress the 
proposed equations to others of lower degree. 

In general, if the relation a^ = ^(ai) is known to exist 
among two of the roots, Oj, and az, of f{z) — 0, wo may 
depress the equation as follows : 

Substitute ^ (x) for x in f{x), and let F{x) bo the result- 
ing function. Then we have both f{x) = 0, and. F{x) = 0, 
when a; = a, . For ai is a root of f{x) = by supposition, 
and to put Oi for x in F{x) is equivalent to putting a, for x 
in f{x). Therefore f{x) and F(x) have a common factor 
X — rti which can be found. Then a, being known, ch = <P («i) 
becomes known, and the equation may bo depressed two di- 
mensions. 

Ex. Suppose it is known that two roots Ci and Oi of 

x^ — 2x> -{■ llsi^ + Qx + IQ = 0, [1] 

are such that Oj = 3«i + 2. 
Substitute 3x + 2 for x in the equaiion, then 

(Zx + 2y-d(3x + 2y + 7(3x + 2) + 6(3z + 2) + 16 = 0, 
or, 81a:* — 27x8 — 207z» — 126a; -f = 0, 

or, 2x> — 3x>- 232; - 14 = 0. [2]. 

"We find {x—2) as the G. C. M. of [1] and [3]. Therefore 
a, = 2, and Oj = 3ai 4- 2 = 8. Thus wo find 

a:« _ 9a,-5 + 7a~' + Ox + 16 = {x—2){x-8){x>+x+l), 

and the depressed equation is 

a? + a; + 1 = 0. 
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1 IC. Wlioncvcr in tho courso of Uio unttlyBm of an cquatiou 
re find a commensurable root Oj , it is advisable to depress 
ho equation by dividing by {x—Oi), since "WO thus greatly 
acilitate the finding of the remaining roots. As these com- 
ncnsurable roots will present themselves in tho course of the' 
)rcliminary analyaia reoommondcd in Ohnp. X, wo consiJor it 
inncccssai-y to make a special research for such roots, which 
iro of comparatively rare occurrence. 

EXERCISES. 

Solve tho following equations : 

1. a? — 5 = 0. C. xw — 1 = 0. 

2. a^ + 2 z=z 0. 6. a;!" + 3 = 0. 

3. aP — 'i — 0. 7. a;" + 1 = 0. 

4. a:« + 4 = 0. 8. a;i* — 20 = 0. 

Depress tho following equations : 

1. a;' — 1 = 0. 3. x" + 1 = 0. 

3. a;» + 1 = 0. 4, a" — 1 = 0. ' 



DEPBESSIOIC OF EQUATIONS. 76 



OHAPTBE VII. 

SOLTITION OP EQUATIONS BY GENERAL T0HMULA8. 

117. The only equations for which general solutions have 
been found are thoso of the first four degrees, and the equa- 
tions that can bo depressed to any of those degrees. 

Leaving aside equations of tho first and second degrees, 
which aro fully treated of in cleinontnry algebra, wo propose 
in the present chapter to give tho algebraical solution of cubic 
and biquadratic equations. 

CUBIC EQUATIONS. 

118. By tho method given in Art. 71, any proposed cubic 
may be reduced to tho form, 

af' + qx + r = 0. [I]. 

Assume that x is tho sum of two other unknown quantities, 
that is, X =z y + z; 
then a^=z 3yz{y + z) + i/+ :^; 
in this replacing i/ + z by a;, and transposing, wo have 

d' — 3yzx — {f + !^) = 0. [2]. 

In order that [2] may bo identical with [1] we must have, 

3ijz = -(/, (1), and if + «« = -r, (2). 

From (1) wo havo y-V = — |f > "'^'^ ^^°^ (^)' y" + ** 
= — r; thus tho sum, y + z", of two unknown quantities 
being given, and their product j/'z*, wo can determine the 
quantities by tho quadratic equation t* + rl — --;= = 0, which 
is called tho reducing equation, Solving this equation, wo 
have 
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27' 



d, since x = y + z, wo bavo tbo general formula for the 
ots, 



By Art. 113 the cube root of y^ may bo any of the three 
pressions, 

y, i(_i + vi:3)y, i(_i_./zr3)y, 

d the cube root of «' any of the three, 

lere y and z are the arithmetical cube roots of y" and e" ; 
L're would, therefore, bo nine values of !C, if wo could take 
y one of the three values of V^ with any one of the throe 
luoa of •v/i". But one of tho conditions employed in ob- 

ning tho reducing equation was yz = — 7p> that is, tho 

o 

xluct of any pair of cubo roots admissible in tho solution 
1st be a real quantity. It will be seen that the only pairs of 
3 cube roots that satiisfy this condition are, 

= J' + «, 

= i{-^ + V^3)y + i{-l-V^S)z = -i{{y+z)+{y-z)V=l\, 

^ i{-^-V^)y+i{-l + yCrS)z = -i{(y+z)-{y-z)V-Z\, 

i these are the three roots of cc? + qx + r = 0. 

119. The occurrence of nine different values of '^^ + \/^ 
explained by the fact that in tho process of solution we 

jcd the expression yz — ■— . Now ^i? maybe tho cubo 

any of tho oxprcssions yz, { (— 1 H- V—'^)yz, or 
— 1 — ^Z —'6)yz, so that wo really obtain tho roots of- 
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three different cnbic equations in the formula. The entrance 
of extraneous values into the solution of an equation that has 
been squared to free it from radicals is a familiar experience 
in the tiolutiou of quadratio and similar equations. 

VZO. We have now to consider the arithmetic possibility of 
tho solution obtained. 

(1). If J + ^ > 0, then y J + $ ^ possible, tho - 
values of y and z can bo dotormincd, and tho equation has 
one real root, y + z, ■while tho other roots i \ {y + z) 
± (y — '^) V— 3 } are evidently imaginary. 

Ex. 1. afi—Qx — iO = 0. 

8 



a? = 4/20 + aAoO — 8 + y 20 — ViOO — 8 
= v^39.799.. 4- •V^.2.... 

= 8.4:142.... + -OSiS = 3.999.... 

We infer that a; = 4 is a root, and find upon trial that it 
is so. In this example the remaining roots are most readily 
found by depressing tho proposed cubic to the qua dratic 
ifi + iz + 10 = 0, the roots of which are z = — 2 ± V—^- 

Ex. 2. a58 + 13x + 4 = 0. 



X = |/_3 ^A/i + G4: + |/_2— ■v/4 + 64 

= ^^6.34021... + 4^-10.24021... 

= 1.841G5.. -2.17197... =-.33032... 

Tho other roots aro most conveniently found bytho formula; 
thoyai-e a; = -^{.33032... ± 4.013C3. .■\/^ 3). 

(2). When — + ~ = 0, tho formula reduces to . 



^H-^^'f-'^ 



— r 
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[n tliis case, since y and z are equal, tho formula for the 
naining roots becomes x = _^(y + x), that is, there are 
3. equal roots. 

Ex. 3, a? — 27x — 54 = 0. 



- a: = j/27 + Vrz'J — 729 + ^^%i — Vrag - 729, 

= 2Wi = G; 
3 remaining roots aro a; = — 3, a; = — 3. 

ifi (A 772 ^ 

(3). "When T + j^ < '^' *^^^ V T "^ 27 ^^ impossible, 

d all the expressions for the roots arc impossible. But we 
ow that the equation, being of odd degree, must have at 
.st one real root. ]\Ioreovcr, tho expression Vy" must have 
•oot of the form m + n V— 1, and, as 2^ differs from y^ 
ly in tho sign of tho quadratic radical, V^ must have a 
)t m — nV — !• Substituting these in the expressions 
-t- 2> —i\ (y + «) ± (y— 2) V^ K we obtain 

2m, and — m ±, n Vs ; 
roots aro theroforo all real. 

Ex. 4. a^ — atx — 56 = 0. 

^ = /j/sS + ■v/^COTS + j/^S — V-C075 

= y^28 + 45 -V^^ + j/sS — 45 V^^ 

We possess no arithmetical method of extracting these cube 
Dts, though it will bo found upon trial that 

^8 + 45v^ _ 4 + V^; and y^-^W^ = ^-V^. 

Thus, in tlie case when the roots nro all real and unequal, 
formula is i)ractioully unavailable for purposes of uritli- 
2tical computation, since wo arc not able to perform the 
cratioiis indicated. On this account this is sometimes 
lied the Irreducible Case of Cardan's Formula. 
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131. That T/ and z arc necessarily imaginary expressions, 
■when all the roots are real and unequal, and what functions 
these expressions are of the roots, maj be shown as follows: 

Since the equation x^ + tjx + r ~ has any one of its 
roots equal to the sum of the other two with contrary sign, 
the roots must be of the form 2o, — (a + j3), — (a— j3), 
where a is always real, while /3, the semidifferenco of two 
of the roots, may be real, zero, or imaginary. Therefore wo 
may put 

a? -^qx + r — x^— {Za?+^) X — (2o'— 2a/32) = ; 

from this identity we have 

3a? + fP =z —q (1), 2a' — 2al3? = - r (2), 
from which to find a and /3 in terms of q and r. 

Thus J + -g^ = (a»_a/?)' - (a» + i^)' 



V'^ 



J + i^= ±V^S{a^P-m 



Adding — - and its equivalent {a'— a/?') to tho members 
of tho above, 

= a? ± -/^a-a'/? — al?-:^—- 



-hM 



-27 



2^^ 4 ^ 27 a/- 3 

n 
that is, ^ = a + 



V:r3' ./Ha 

Thus we find that the expressions in Cardan's Formula are 

perfect cubes in rogard to o ± -— ^ . Tho difficulty is 

V — 3 
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mt -WO possess no arithmeUcal mothod of obtaining tboBO 
nbe roots in a finite form even when a and /3 are commen- 

irablo. Had wo any means of obtaining a -\ — - — — and 
a . V — 3 

, their sum, 2a, would give one root, and their 



ifferonce multiplied by ^V — 3, would give P, enabling us 
D find the other roots a ± p. "We also see : 

(1). When P is real, the roots 3a, — {a ± p), are all real ; 

lut is ima^iiary, and the formula necessarily assumes 

he so-called irreducible form. 

(2). "When P is zero, the part under the quadratic radical 
anishes, the formula becomes x = '/cfi + Va'; and the 
oota ai'e, 3a, — a, — a, i. c, there are two equal roots. 

(3). When P is imaginary, is real, and thorp is one 

"V — 3 
eal root, 3a, the others, — (a ± P), being imaginary. In 
his case, the quadratic radical in the formula being possible, 
re can find its square root, and then obtain approximate 
alues for the cube roots whose sum = x. 

133. We have seen that the criterion for the roots being 

,11 real is, that -^ 4- rjs , or 37r» + 4*7', must not bo a noga- 

ive quantity. With the notation employed in (131), we have 
ITr^ + 4y» = - 4 {%\a'p- - 18a'i3* + P') - - W{^o? - p^) 
- — 4/32(3a+(3)2(3a— i3)', which last expression is obviously 
he product of the squares of the difTcronccs of the roots. 
leuco, if the roots 3a, — (a±j3) are all commensurable, 
he expression, 21i* + 4^, must be a iwrfcct square, which is 
ho product of at least two squares dillcront from unity. II 
hero is but one commensurable root, it may be shown ths,t 
ho same expression must have at least one factor a perfect 
quare diflcrcnt from unity. 

133. Many vain attx^mpts have been made to discover a 
irocess for obtaining in a finite form the cube roots of ex- 
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prcasions of tho form m + n V— !• But just as the extrac- 
tion of tho square root of Buch an expression involves tlio solu- 
tion of a quivdnilic equation, so tho extraction of the cube root 
o{ m + n V — 1 requires the solution of a cubic equation, 
■which will bo found to be the original cubic that led to that 
expression. 

124. The expression {m + n V— 1)' may, it is true, be 

expanded in a .vories by means of tho Binomial Formula. " 

Wo thus obtain an approximate value of (w + m V— 1)^ of 
the form F-\- Q-v''—-i ; an approximate value of (m— nV— 1)' 
must therefore be P ~ Q V— 1 ; thus wo obtain ZF as an 
approximate value of z. This method, however, is of no 
practical dec, as the calciilations are laborious and the series 
ore usually of elow convergence. 

125. Tho roots of a cubic may also bo obtained by means 
of a table of sines and coshics ; wo shall merely indicate tho 
process. 

By trigonometry we know that the equation 

cos«e — |cos — ^cos 30 = 0, [1]. 

has for roots, cos 0, cos (120" + 0), cos (120« — 0). 

Now if tho proposed criuation bo afl — qx ~ r = 0, Vfe 
can, by Art. 59, transform it into another the roots of which 

are those of the proposed each multiplied by A/ j- > thus, 

If we assume [2] as identical with [1], we have 

y = cosO, and T^J -^ri - icoadO, or ry -^^^ cos 30. 

As the cosine of no angle can be greater than unity, this 
last equation can hold true only when %li^ is not greater than 
^q\ i. c, when all the roots are real. The roots of [2] are 
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therefore coaO, 008(1200 + ^), coa(12O''_0) ; and those of the 
proposed equation, 

' ^? • cos e, a/^ • cos (1300 ± 6). 

To find these roots we determine from a bible of cosines the 
angle whoso cosino = ''V/ 573 "^ W -j-- . This angle Avill 

be .30, one-third of which is : the cosine of 6 multiplied bj' 

/iq . 
a/ —- will bo the greatest root ; and simihvrly for the other 

roots. 

EXERCISES. 

Solve, by Cardan's Formula, the following equations : . 

1. a" + 6a; + 3 = 0. 

3. x^ — ISz — 30 = 0. 

3. a:» + 7a; — 7 = 0. 

4. a? + llx + 8 = 0. 

5. 53? — Idx — 52 = 0. 

6. 11a;' — 5Qx + 105 = 0, 

.t2G. In conclusion it may be observed that all attempts at 
an algebraical solution of the cubic, load to' a formula similar to, 
or identical with, that of Cardan. Among others, Tschiruhau- 
son, Tischendorf and Lagrange, by very different paths, arrive 
at the same result. We shall indicate the following investiga- 
tion, which the student may work out as an exercise. It may 
bo easily shown that the equation x^ +3x— (a^—a~^) = has 

a root a . Auy proposed cubic x? + qx + r = may 

« /27 

(59) bo transformed to y* + % + ^\/ ~i — ^- ^'^ have 

now to find a from the equation «' — a~' = ~~'"\/ ~3> ^^ 

/37r^ 
06 4. A / -i— • a' — 1 = 0, and this, we find, leads to a for- 

V !?' 

mula for z similar to that of Cardan. 
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In a eubsequent chapter we shall take np the solution of 
cubics by Horner's Method, and it will be seen that the com- 
putation of a root of a cubic of the form a^ + qx ■}■ r = Q 
is a matter of no more difficulty tlian the arithmetical extrac- 
tion of a cube root 
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137. Of the Yarious algebraical solutions of the biquadratic 
that hare been proposed, the first, historically, is that discov- 
ered by Ferrari, a pupil of Cardan's, soon after the publication 
of that solution of the cubic known as Cardan's. 

Feeraei's Solution. — Let the proposed equation, de- 
priyed of its second term, be x* -\- qx^ + rx -^s = 0, then 

ar* = — qx^ — rx — s. 

Add to both sides of the equation 2kx^ + L^, then 

{x> + ky = (2^• -q)x'-rx + {k'> - s). 

We have now to determine ^• eo that the second member 
may bo a complete square. In order that this may be the case, 

we must have {2k— q) {l^—s) = — , or 

From this, the so-called reducing cubic, having determined 
a value of k, by any of the methods given for the solution of 
cubics, the solution of the proposed biquadratic is reduced to 
that of' the two quadratics, 



x> + k = V2k—q • X — VJc^ — s, 
a? + 7c = - V'^k—q • X + Vl^ — s. 

The follomng solution is, however, generally more con- 
venient. 

128. Descaetes' Solutiok.— As before, let the proposed 
equation be 

X* + qx> + rx + 8 — 0, [1] 
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and nssume the first member to bo tlio prodnct of two qua- 
dratic factors {3? + kx + /) and {s? — kx + g), thus, 

^+ (/ + ^-/t=)^'+ (j3k-jlc)x+fg =. 0. [i!]. 

Equiitiag coefficients of equal powers of a; in [1] and [2], 
we obtain the equations, 

f + g — ^^ = g, 9^ —A" = n f9== »• [■■^]- 

Having found / and g in terms of h from the first two of 
these equations, and substituting in the third, wo have 

{^' + l + q){k''-l + q) = ^, 

from which we obtain by reduction, 

I* + 27I-* + (g3 _ 4s) ^■3 — r! = 0, 

or, putting z for F, we have the reducing cubic, 

^ + 23'-! 4. {q^ _ 4,,) z _ r^ = 0. 

When from this cubic a value of z ha3 been determined, its 
Bquaro root is k, and k licing known, / and g become known 
from the first two of Uio o<ination3 in [.'!], nnd v,o obtain 
the four roots of tlio biquadratic from the two quadratics, 
3? + kx + f z= 0, z» — kx + (/ = 0. 

Ex. 7* — 24x3 + 152; _ 2 = 0. 

The reducing cubic is, 

z« _ 48^3 + 5842 — 225 = 0. 

From this wo fiud one root, z = 25, .'. k = 5, /= 2, 
g = — 1 ; and we can determine the four roots of the pro- 
posed from the equations, x^ + bx + 2 — 0, x' — bx—l^Q. 

129. We shall give one more solution, of some interest as 
proceeding by a method analogous to that pursued in Cardan's 
solution of the cubic ; a method that ling been applied to tlio 
solution of equations of higher degree than the fourth, and 
fails only in so far as that the reducing equations obtained aro 
of higher degree than the original equation. 
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130. Etjler's Solution. — Let the proposed eqimtion be, 

x* + qx^ + rx + s = 0. [1]. 

Aasumo x = if + z +n, tlicn 

a-! = f + z^ + u» + 2 {yz + yu + m), 
and ^ — yi — z^ — u^ =. 2 {yz + yu + zu). 

Squaring both sides, we obtain 
^ — 2(y2 + 2' + M')3? + (2/= + 2'+m')' = 4(jr2;+yM+0M) 

= (/Z' + y*"' + «'«') + ^ZU (7/+Z+ «) 

Beplacing y + « + « by a;, and transjwsing, we have 

a^ — 3 (y' + 2' + «») ^2 — 8y«?< • a; + (^' + z' + m') 

— 4 (yV + yhx' + «'!«') = 0. [2]. 

In order that [2] may be identical with [1], wo must have 
g = — 2 (y' + z' + m') ; r = — 8yzu ; 

S = (3/2 + 2« + «•>) — 4 (y>22 ^ j^2„3 4. ^v), 

or, y' + 2»+w' = - 1; j/V+^'wH^'it' = ^{-f-*) = ^^p^; 

The conditions show (45) that y', i?, tfl, must bo the roota 
of the cubic equation 

« + 2« + jQ (-^ _ 0. 

Denoting the roots of this eqxiation by ti, tt, tj, then 
y = ±V7i, z= ±V(i u= ±'\/T3. 

If wo take x=y + z + u= ± V^i ± V^i ± V^j, 
we obtain eight different values for x. But some of these are 

— T 

inadmissible, Bince one of the conditions was yzu — —^ , 

BO that, supposing r to be positive, the only admissible values 
of x arc, 

-Vli-Vtf—Vii, -Vh+Vii+Vti, Vti—Vk+V'ti, 
Vii+Vii-Vh, 



8a 
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n;imely those combinations llio product of whoso terms is 
uogative. 

If r is negative, the admieeiblo vakios of x wo, 

131. Tiic occuiTonco of tho eirjkt values of x m the solu- 
tion has an expliinution einiilar to. tliat given for the uppcar- 
anco of nine values for x in tho solution )iy Cardan's For- 
mula (119). In tho course of tho solution wo employed 

ifz^u? = jj ; iio^v — may arise from r either positive or 

negative; so that tho solution contains the roots of the 
equation, 

3^ ■{■ qi? — rz + s = 0, 

as well as those of the proposed equation. 

It may ho remarked that tho reducing cubic found by 
Eulor'a Method uill bo found to colncido with that obtained 
by Descartes' Method, if we put At — kf. 

EXERCISES. 

1. a:* — 222^ — 21a; + 30 = 0. 

2. a;* — 73?! + SGz — 40 = 0. 

3. ar« + 3x» + 22; -)- 3 = 0. 

4.. 3* — 12.c« + 40a;' — 29a; -f- 6 = 0. 
5. ■ bi^ + 22ar' + 17a« — OGa: — 2] =0. 

133. Tho preceding methods of solution depend upon 
special analytical artifices, and have no apparent bond of 
union with each other, or with tho methods of solution em- 
ployed- for equations of lower degrees. By tho method of 
investigation employed below it will appear tl*itthc algebraical 
solution of the quadratic, and all those given for the biquadratic 
above, are hut particular cases of tho solution of tho geiieml 
problem: to reduce the solution of an equation of the 'Zn"' de- 
gree, to that of two equations of the w" dryrcc. 

Let us suppose f{x) = 0, which is of tho 2n'^ degree, to be 
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tho product of two factors, <t) {x) nnd V {^)t each of the n** de- 
gree, then 

Every function of even degree inny, therefore, ho regarded 
as being the difference of two functions, which are complete 
Kfjuarcs. If wo can, tlien, resolve f{x) into the difFcrenco of 
two squares, we can reduce the eohition of f{x) = to that 
of two equations of one-half the degree of /{x). For, trans- 
posing one of tho squares in [1], and extracting the square 
root of both sides of the resulting equation, we have 

(l>(x) + rh{x) _ <p(x)-^p{z) 
2 - ^ 2 

from which we obtain, according as wo take tho upper or 
lower sign with the second member, 

4>{x) — 0, or ^l>{x) — 0, 

two equations of one-half tho dcgroo of f{x) = 0. 

133. Theoretically this may bo done ; bnt we can see in 
advance that, for equations of above the fourth degree, tho 
reducing equations will bo of higher degree than the proposed 
equation. For, from tho %n binomial factors of f{x) may I'c 

I9w 



formed ■ — p factors <p(;x) nnd ■>p{x), each of tiio n'* degree 

(45), hence from/(2;) wo may form the expressions ^{x)±,yl){x) 

\2n 
in i-r=f- different ways. It is evident, therefore, that the 

coefficients of tho functions 1^(2;) ± ^{x) may have ir- in- 
different values, and will, con8e((ueiitly, have to be determined 
by equations of that degree. To find tho degree of the re- 
ducing equations for equations of tho second, fourth, and 
sixth degrees respectively, we substitute successively 1, 2, and 

|2» 
3, for n in ;,t— r- » and obtam 1, 3, and 10, as the numbers 
Z\n\n 

expressing tho degrees of tho respective reducing equations. 
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Tho quadratic and biquadratic may therefore be reduced by \ 
means of reducing equations of lower dcgreo; but to solve a 
bicubic equation by means of two cubica, wo should, except 
in particular cases (MS), bavo first to form and boIvo a re- 
ducing equation of the tenth degree. 

134:. To illustrate the process of obtaining the reducing 
equation, it will bo sufficient to suppose f(x) of the sixth de- 
gree ; tlicn <p {x) and V' {.^) will bo each of the third degree. 

Let </> (;e) ' =: a;" -1- MiaT" -f m^x -f- OTj, 
■<p{x) =1 a? ■\- rii ^ + n-i X -\- tii , 

.. I ^ |_ a;. + ___a +_^_a;^--^— 
(■ (p{x)—tl>{x) ) _ , ( m,— wi „ m-j-rii ms—n^ } 

Changing — ' ' , &o., to A, B, C, and — ~~, &c., to 
a, h, c, and equating, we have, since (131) </> (k) + i/i {x) 
= ±\<p(x)-i,{x)\, 

a:' + A3? ■\- Bx—G — ± {ax* ■\- hx + c). 

Squaring both sides, and collecting terms, we have 

2« + %Aa? + (^J_a2 + 2i?).T:*+ {2AB — iah + 2C)7? 
+ \ni — l)^ + 'ZAC—2ac)a?+ {2BO—2bc)x 

+ (r." - c') = 0, [1], 

the equation of tho sixth degree having its coefBcients ox- 
pressed as functions of the coefQcicnts of r — ^-i . From 

this we may deduce the corresponding equations of the fourth 
and second degree by omitting tho Icltors that become zero; 
thus we obtain, 

X* + 2Ax^ + {A" - a' -F 2^) x? +. {2AB - Zdb) x 

+ {&-¥) = 0, [2] 

(ifl + %Ax + (.4» - a') = 0, [3]. 
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135. We obtain tho reducing equations by equating the 
coefficients of [1]. [3], or [3] with 'p, q, r, s, &c., the co- 
cEScionta of liko powers of x in tho general equations. Ex- 
cci>fc A (which uhvuya — |;;), tho cocilioioiits JJ, C, &c., of 

— „ — vrill have to bo determined, as shoiv-n above, by 

equations of the k^ degree, where k = J, — T , while a, b, c, 

the coefHcienta of i ,) > will, since they bare the 

double sign, be involved in equations of the form (2/')'' + -P(y')*"' 
+ Q (y")*"^ + &-0- ~ 0, which may also bo solved us equations 
of the Jif-^ degree. 

ISG. It will be observed that, since in the equations [1], 
[2], [3], there are 2n — 1 unknown quantities, B, C, .. ,, 
a, I/, c, . . . . Uioro will bo 2rt — 1 forms of tho reducing equa- 
tion, ftccordiiix as wo eliminate for one or other of tho un- 
knowns; it will a'.Ko be &x\i that one of tliea'i equations being 
formed, the others may be deduced from it by suitable substi- 
tutions. Thus there is but one form of tho reducing equation 
for the quadratic, there are thrco distinct forms for tho bi- 
quadratic, two of which have been given, and five for tho 
bicubic. 

137. "We shall first find, by this method, tho redncbg 
equation for the quadratic. 

Comparing the two forms of the quadratic, 

3^ + ;).r 4- 7 r^ 0. 

:t« + 2/lz H- (^'--a') = 0, 

and equating corresponding coofflcients, we have 
■ A =:fy, A^-a^ =^-a^ = q; 

jyi j[fr 

whence c' =i ± - — j — - , which is the reducing equation, and 
we have for '> ~'^ ~ ^ 2 ~^^ 



x+^ -■± ^ ' 
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tlie usual form to which we reduce the quadratic, and equiva- 
leut to two equations of the firet degree. 

138. Agab, comparing the equation of the fourth degree, 

x^ + ps^ + gx^ + rz + s = 0, 
and x*+2Aafl-\-{A^-a^ + 2B)3?+{2AB-2ab)z+{&-l^)=Q, 
wohavc,^l=^; A^-a> + 2B = q; 2AB-2ah — r;IP-¥ = s. 

From the aacond of these conditions we have 
fl» = ^ + 2B-q, 

from the third and fourth ; thence 

P' , on fB^ — 2prB + r^ ^ 

^ + 2B-q = ^(^^.g) , whence 

8B* — 4:qB>+ {2pr — %s)B— {p^s — iqs + r^) = [1] ; 
from which, if wo put ^ = 0, wo obtain 

8IP — iqB^ — S.^B + {iq.i — H) = 0, 
the reducing cubic as found by Ferrari. 

139. The reducing cubic invohing a may be found by 
elimination, as was the preceding one ; but it is more readily 
found by substituting in [I] tho value of B in terms of a. 
The full equation thus obtained is, 

a« + (27 - ^)«^ + {^P*-fg f pr + j' -4s)a' 

which becomes, putting p = 0, 

a« + 2qa^ + (7= - 4s) «' — r' = 0, [3] 

the reducing cubic as found by Descartes and Euler. 
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140. The reducing cubic involving h may cither be found 
directly, or by substitution from the others ; it is, 

eW + {32pr+Us—Uqyo^ + {iph^—32prs—8p'qs—8qr^)V> 

- (H — Zfr^s —fn^) = 0, 

'which, putting p = 0, and iV = z, may be simpMed to 

j« ^. (-is — g-) I? — 2qr>z - r* — 0. 

Having obtained any one root of any of tlie above reducing 
eubics, V.0 can find the quantities A, B, a, h, from the relations 

2A. ~p,%B — a^-k-q — A^; 2b = ^ ~^'' and then put 

the equatioa in the fonn, 

<p{x)+ i> (x) , s^(x) -V>(x) 

■ ¥ - ^ "2 ' 

that is, a? + Ax -\- B := ±{ax + b), 

and solve by two quadratic equations. 

141. We may examine what functions the roots of the re- 
ducing cubica are of those of tlie biquadratic. 

Supposing the roots of tlio biqu:i(lratic to bo a, j3, y, fl, 
and those of the reducing cubic of Ferrari, Bi, B2, Bi, 
we have 



m-t + ih _ 0/3 + y<? n —°-y + P^ „ _ t'l 4- /3y 

2 



B\ = ;; = T^ , /?2 = 5 , A = 



that is, the roois of Ferrari's reducing cubic are the three 
possible functions of the fonn — Tp • Similarly tlie roots 
of the reducing equation in b are, since b 1= ^~ . 

aH — yd ay — 136 ad — (iy 

h = —^—, b,=.—j—. b, = —^-. 

Dencting the roots of Descartes' rfiducing cubic by «,', a,*, 
a^, then, since (133) a = -~ — ^, -where —m denotes the 



02 



aloebhaical equations. 



sum of any two of the roots, aud — n the sui^^of the remain- 
ing two, wo have, 

±a,- :f J(a+/3_y_d), ±a,z= :p ; (a-/3 + y-<J), 
±«3 = ^H«— /^— r + tJ), aho A = —:^(a+p + Y + 6), 
.: i(— ^— fli— az— 03) = a, i{—A~ai+a.i + a^) = p, 
ii—A+ai—ai + Oi) = y, ^(—A + a^ + a.—ih) = 6. 

If we suppose A =: 0, i. e., ;? = 0, we obtain 
i(— «i — «i — flj) = a, &c., 
the sumo results wo obtained in (130). 

143. If the biquadratic has all its roots real, it is obvious, 
from consideration of what function of these the roots of the 
reducing equations arc, that the latter are also all real. 

If the roots of the biquadratic are all imciginary, they must 
be of the form P ± QV^^ and li ± SV^^, and upon 
putting these for o, ft y, 6, in the expressions, ■ 



C + ^7^-7 , &c.. 



wo find that all the roots of the reducing cubics are real in 
this case also. 

If the biquadratic lias two real, and two imaginary roots, we 
find, in the same way, tliat in this case each of the reducing 
cubics has two imaginary roots, or, possibly, two equal roots ; 
that is, the reducing cubic will not fall tinder the irreduciile 
case when the liquadratic has two real and two imagi7iary 
roots. 

143. Upon consideration of the final terms of the different 
reducing cubics, we find that, if we have either p's — 4175 
+ r« = 0, /?' — 4^017 + 8r = 0, or -/•* — 2fr^s — j)*s^ = 0, 
the biquadratic x^ + px^ + qj? ■\- rx -\- s ■= Q may be solved 
at once by means of quadratic equations, for this is equivalent 
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to having either Bi = 0, or Jj = 0, or a, = 0, and we pro- 
cood aa in (140). 

Ex. 1. 3* — W — (jQa? + 331a; — 109 = 0. 
Here we find fs — iqs + r*=: 0. We proceed to reduce 
the equation to two quadratics as follows: A = ^ — -, 

Bi = 0, ai^ = A' + W - q = ~ + + 60 =: ^,. 

,: ai= ±~; h,' = B,' - s = 109, .-. J, = ± 13 ; hence 
we have, 

a^-^x + O = ±(^x + 13), 
therefore we have 

x' — nx + 13 = 0, and «= + 5a: — 13 = 0. 

Ex. 2. x*~l4:3?+ Gdz-' — 982; + 24 = 0. 

Here we find j^ — ipq + 8r = 0, therefore Oi = 0. Pro- 
ceeding as before, we find A = —7, 5=7, hi = ±5, 
and hare the two equations, 

x> — '7x + 7 = ±5. 

Ex. 3. X* + Sx? — 4:3? + 9x + 9 =z 0. 

Here wo find r* — 2iPr'3 — p*s^ = 0, therefore 5i = 0, 

7 3 7 

B = d, a = ± ^ ; hence we have a? + ^x + 3 = ±^x^, 

therefore 

a:' — 2x + 3 = 0, and a;' + 5z + 3 = 0. 

144. A cubic equation may be put in the form, 

7^ + p7? + q7? + ra; = 0, 

that is, may be regarded as a biquadratic having obo root 
a; = 0. Wo may, accordingly, derive reducing equations from 
those given above for the biquadratic by simply leaving out 
the symbol .t. We thus find the reducing equation for a cubic, 
found by this ■ method, is itself a cubic. We also find that 
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wliea in a cubic equation, a? + px' + qx + r = 0, the rela- 
tion p^ — ^pq -(- 8r = holds good, tlie equation may be 
reduced as in (143). 

145. When we attempt to form the reducing equation for 
the bicubic, wo obtain, as we might expect, an equation of the 
10th degree. Thus, like all others that have been tried, this 
method fiiila to reduce equations of tlio Dfih or higher degrees 
by means of reducing equations of lower degi'cc than the 
proposed. 

When special relations exist among tho roots, .reduction may 
be efTccted by equations much lower in degree. Thus in the 
equation, as found in (134), 

2* + ^Ax^ 4- {A'^ — a+2B)x*+ {2AB - 2ad + C')ar> 

+ {lP—f/ + 2AC—2ac)3^ + {2BC—2lc)x-{-(C''-c') = 0, 

if we put a = 0, i. e., suppose that of tho roots tho sum of 
one-half tho number is equal to the sum of tho other half, wo 
see by inspection of tho coefficients above that the quantities 
A, B, C, b, and c, may then bo found by the scries of simple 
equations, ^ 

A = ip; B = \(iq-f); C = \{ r-j>B) ; a = 0; 

I = VB^ + pO—s ; c = VC'2 — iJ, 

that is, if in any equation of degree not greater than the sixth, 
the sum of one-half the number, of roots he equal to the sum 
of the other half, the equation may be reduced by insjicction. 

Ex. Let x^ — lOx' -t- 222:< + 11a-' — 50a? — 1522; — 9G = 
be an equation having the sum of one-half its roots = 5, then, 
by the simple equations above given, we find 

J = _5, B=-\, C=-2, c = 0, 5 = ±y, c = ±10, 

and wo can put the equation in the form, 

kS _ 52» - |a; - 2 = ± (y^^ + lo). 

whence 
a;» _ 5ar> — 10^ — 12 = 0, and i« — Sa? -f 7a; + 8 = 0. 
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If, in an equation of tbo fifth degree, the sum of three of the 
roots is equal to the sum of the remaining Uio, we can, in tlic 
eamo way, reduce the solution to that of a cubic and a qua- 
dratic equation. 

Ex, 2. Let z" 4- 142* + 43a:» — 48r' — 2582; — 72 = 
he an equation having tlirco of its roots equal to the other two ; 
then, aa in. the proccdiag cxauiplo, wo lliid 

^ = 7, ^ = - 3, C = - 3, a = 0, J = ± 15, e = ± 3, 

and wo can put the equation under the form, 

a;3 + 72' — 3a; — 3 = ± {Ux + 3), 
whence we obtain the two equations, 

23 ^ 7a:3 _ 18a; _ G = 0, and a:" + 7x + 12 = 0. 

EXERCISES. 

Depress the following equations by the methods exempUfied 
in (143) and (145) : 

1. a* + 23^-32? — 9Zx — 529 = 0. 

2. X* — 17x« + 302' — 1952 — 225 = 0. 

3. 2* - 823 + 2028 - IG2 — 21 = 0. 

i. z*- 202^ + 11722 — I7O2 — 60 = 0. 

5. 2* + 72^ — 2025 + 25x + 25 = 0. 

6. 2* — 32' H O2- + 932 — 901 = 0. 

7. 2» + 242* 4- 1422^ — 292' — 5432 — 105 = 0. 

8. 29 — 62' + Ox* —Ux> — 4O2 — 25 = 0. 
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CHAPTER YIII. 

stubm's theoeem. 

.14:0. In a preceding chapter were given several theorems 
regarding the limits between wliieh the real roots of an cqna- 
tion must be found. Allusion -wiis also made to methods pro- 
posed by Rolle and Waring .for separating the roots. The ob- 
jection to these methods was not only the excessive labor 
required in their practical application, but also the fact that 
they leave the number of real roots existing in an equation 
doubtful till we have actually ascertained the situation of 
each. 

The method about to be explained is the only one hitherto 
proposed by which the number of real roots can be deter- 
mined a priori. Comprising the solution of a problem that 
had engaged the attention of analyste for above two centuries, 
this method is distinguished as much by the simplicity of the 
procoK3 as by the exactitude of the results attained. 

147. Stprm's Fun-ctions. — Def. — Let X=0 be an 

equation of the «■* degree, having no equal roots,* Xi tho 

first derived function of X, and X^, X^, X„ , the scries 

of remainders obtained in performing the operation of obtain- 
ing the greatest common measure of X and Xi , care being 
taken to change the signs of each remainder before employing 
it as a divisor,! changing the sign of the last remainder also ; 
the scries of functions, 

X, Xl, .A.J .Aj, . . . . .<in> 

we shall refer to as Sturm's Functions. 



• rr the propotcd cqiinlloA have oqnal roots, the ftict wUl bo dlocovcred (92) by our 
«,-rivirg at a zero remainder In the courpc of the process. It wlU be seen (1.5€) that, 
lo such a cape, the theorem holds good for the preceding remainders. 

t In the ordinary operation for the O. C. M. it Is merely a matter of coDVcnlcnco 
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148. Stitem's Theorem. — Lot o and P be two numbers, 
such that a < (3, then tho oxccea iu the number of variations 
of Biga in tho ecrios of functions, 

when a is substituted for x, over the number of variations 
when (3 is put for x, expresses the number of real roots of the 
equation X = that lie between o and p. 

Let Qi, Qi, . . . . Q„.\ , denote Ibo (luolicnla obtained in tho 
successive divisions ; then, since tho dividend is equal to the 
product of divisor and quotient, plus the remainder, or minus 
the remainder with its sign changed, we have tlie following 
relations existing among the functions : 



X = Q, JTi - X„ 


(1)- 


. X\ = Va 2i2 >V3 , 


(2). 


Xi = Q^ X, - Xo 


(3). 



X., = e. jr. - x+j, (r). 

X;-2= <?„-,X„.i- X„, (n-l). 

From these equations we deduce the following conclusions : 

I. Two consecutive functions cannot vanish simultaneously 
for any value of x. For, if possible, suppose Xy = and 
Xa = at the same time. Then, by Eq. (2), we shall have 
Xj = ; and if Xj = and Xj = 0, then, by Fq. (3), we 
have also Xi = 0, and so on to tho last equation, which will 
give X„ = ; but this is impossible, since, by supposition, 
X = has no equal roots, and therefore X„ must be a nu- 
merical remainder, independent of x. 

II. When any function, except X, vanishes, the adjacent 
functions have contrary signs. Suppose, for example, X, in 
Eq. if) vaniHhca, then wo have X,.\ = — X^+j . 

wbcthcr T-o do, or do rot, chan;?e a remainder before emplnylng It a« a divlflor ; here 
thia c}mn,^G Is an e:*fontlGl part of tho proccao. Subject to tbla condition wo may 
multiply or divide a rcmnLnder by any convenient nnmbor as In tho ortllnary procooo. 

6 
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ni. X and Xi have contrary signs immcdiatehj Icfore X 
vanishes for some value of x, as x — c, and immcdiafely aficr, 
X and Xi have iJin mimn Hi<jn, 

Dcnoto X aud X^ by f{x) and /i {x) ; put c ± A for a:, 
thca (7) 

f{c± h) = /(c) ± 7/, (c) + &c., and f, {c ± h) =f{c) ± &c., 

and h may be tiil:cn so RtniiU l.hnt the wigns ol! f{c zt h) and 
fi (c ± /() will be the samo as those of the first term in their 
expansions that docs not vanish. But f{r) = by suppo- 
fiilion, while, by I, /i(r) cannot vanish at the same time, 
nicrcfore, when h is taken small enough, the signs of /(c±A) 
and f{c±h) are the samo as those of dchfi{c), and /i(c) 
respectively, and these differ in sign when A is negative, and 
vim' vrrnd ; (,h!it in, X and -V, luivo ooiitr<kry Bi;;iin when 
a; = c — h, and the same fiign v/hen x =::^ c + h, h being a 
quantity as email as we please. 

Ifoiice, aa x increases through c, a root of X ■=■ 0, one 
variation of sign is lost in the series of Sturm's Functions. 

IV. No variation of sign is either lost or gained when any 
function, except X, v(tni.<hes. 

For suppose X^ to vanish for some value of r, then, by II, 
Xr-i and Xr+, have contrary signs, and with whichever of the 
two Xr agreed in sign just before it van:^•]lcJ, it ati)1 agree 
with the other after it hris passed through zero, and changed 
sign ; thus no variation of sign is cither lost or gained when 
Xr passes through zero. 

By I no two consecutive functions can vanish at the same 
time. If two or more, that arc not consecutive, vanish for the 
same value of x, then, if X bo one of them, it follows, by III, 
that a variadnn of sign is lost pfi x Uu;vc:'H'f\ through that 
value ; and, if X is not one of them, by IV no variation ia 
lost, or gained. Thus wo see that Sturm's Functions never 
lose a variation of sign except when x increa?cs through a 
root of X = 0, and no variation is ever gained. Hence 
the numhcr of variations lost as x i7icrca::?.f from a value a 
to a greater value /3 is equal to the numlcr of real roots of the 
equation X = Q that lie between a and ft. 
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149. ScHOtitTM L — It may not bo at onco evident to the 
student how it is that X, wliich (III) is of the same eign as 
Xy iiuinodii(.to!y nftur ■/ hsui ini^rwwd through a root of 
JT = 0, is uj^uiu of tlio contrary sign before x increascB 
through the next, root. This becomes clear upon considering 
that Xi, being the first derived function of X, must, by 
Art. 83; become zero, and therefore change sign for some vahie 
of x betViOu.i any two sueces.sivo roots of X ~ 0"." Thus A'l, 
which waa of the eume sign as X just after x increased 
through a root of A' = 0, will bo of the contrary sign before 
X jxicreases through the next root of X = 0. By IV, this 
van)£hing of Xi, or of any of the functions of inferior de- 
gree, docs not alter the numher of variations of sign in the 
series of functions, but merely changes the distribulion of the 
jiliij mid jnitiv!:i HJfnw ia tho norii'ii. r~l . ( '' , ^ 

lOO. Sen. 2. — If for some value of x, any of tho inferior 
fujictions, m X^, bcoomcs zero, wo may omit that function 
wlien counting tl)c variations; for tho sign ol tho vanishing 
function must fonn a permanonco with tho sign of one or 
other of tho adjacent functions. 

151. COK. 1. — If in tho series of Sturm's Functions wo 
Buec'ijaivoly put — en and -f v> for x, tho oxccbs of tho num- 
ber of variations produced by the first substitution over the 
ijumber pnnluced by the second is equal to tho v/hole number 
of real roota in tho equation. 

When ± V) is put for .t, tho sign of a function is always 
the same as that of the highest powur of x in that function ; 
the series of signs for a: = + co is therefore the same as the 
serie.^ of leading signs in tho functions; tho series of signs for 
z=z — en may >>a easily derived from the preceding, by changing 
the si'.^ns of tlio leading terms that contain odd powers of x. 

153. Con. 2. — In order that an cqwiliiDi of the n"' diyrce 
may have all its roots real, it is necet^sary and efficient that 
the functions lie n + 1 in nmnher, and all of the same sign 
in their leading ierms-. 

Tlio functions will, in general, bo n + 1 in number, since 
each rcmainder is usually only one degree lower than the pre- 
ceding one. If, tlien, there be n + 1 functions, all having 
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tbo Bumo leading sign, thoro will Iw n -variutiona of sign ivhcn 
a; = — en, aud no vnriation when a: = + co ; there are 
thoroforo n real roots. If there bo fewer than n, +1 functions, 
then, even when tlio lending signs iiro all alllio, the eubatitution 
of — <V3 for X will give fewer than n changca of sign, thcro are 
therefore fewer than n real roots. 

153. Cor. 3. — If the functions he n + \ in numler, hit 
not all of the same leading sign, there are as many pairs of 
imaginary roots as there are variations in the leading signs. 

For suppose thcro aro m variations of sign in the leading 
terms, then for x =z + c/> there will bo m variations and 
n — m permanences of sign. For x = — v> the foregoing 
variaiions becomo permanences, and the permaner.cc3, varia- 
tioos; tliat is, for a; = — en thcro are n — in variations. The 
cxceag of the number of variations for x = — en over the 
number for a; = + en is, therefore, n — 2m ; thus there 
are » — 2m iv.d roots in tlio cmmtion, and couscquotiUy 2m 
imaginary roots. 

154. CoE. 4. — TJte numler of positive real roots is equal 
to the excess of the tiumler of variations in the signs of the 
final terms of the functions, over the member of variations of 
sign in the leading terms. 

For when x = 0, the functions reduce to their final terms 
and present as many variations of sign as these do, and for 
X ■= + CD the functions have the eamo signs as their leading 
terms ; hence tbo number of variations in the signs of tbo 
final terms, diminished by the number of variations in the 
leading terms, represents the number of real roots between 
and + CO, 

155. Thus, when once wo have obtained Sturm's Functions, 
we can, by mere inspection of the signs, determine, not only 
how many of tlie roots aro real and how many imaginary, but 
also how many of tlic former ai-o positive or negiitivo. 

To asccrtiiin the situation of each of the positive roots, we 
successively substitute in the functions the series of numbers 
0, 1, 3, 3, ... . &c., till wo reach a number that makes the 
number of vcriations <if sign in Uio series of functions ofinal 
to the number of variations in the leading tcnnB. Each loss 
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■ of a variation in tlio signs of U>o sorics of ftuictions iTidicatcs 
tho passing over a root. If more than ono root bo found to 
lio bot'iveen successive iiitc'gore, we may proceed to Bubstituto 
Buccosaivo fnvctions till v,o t-cpuruto the roots. 

The situation of tho negative roots is determined in a simi- 
lar manner. 

15Q. The theorem has been proved on tho supposition' that 
X = has no equal roots. Wo shiiU now show how to pro- 
ceed when in the operation for finding Sturm's Functions we 
obtain a zero remainder, showing that tho equation has equal 
roots. 

Let the equation X = have equal roots, then X, X^, X., 
and tViO functioBS that follow will have tho last function Xj, as 
a corarnon divifior. We can, by dividing X by tho common 
divisor, obtiiia the function which, equated to zero, will (94) 
coEt^un a?I tho roots without repetition. But this is not 
3)f'C();iF;n-y, siuco i.lio factor X^, boing common to nil the pre- 
ceding functions, itti presence or absence will not affect the 
nnmber of v.inations of sign for any given value of x. For, 
if Xp is ]X)S!tivo for that value of x, its presence as a factor 
■will not affect the series of feigns at all, while if Xp is negative 
it will reverse all tho signs. IIcucc, when vje discover that 
X = has equal roots, hy the fad of some remainder lemm- 
ing zero, wo can emiikrj the prcccdirirj functions lo determine 
the number and situation of the real roots that are unequal. 

The common factor X,, which contains the remaining roots 
may be analyzed separately to ascertain how often each root is 
repeated. 

157. If in the course of the operation for obtaining the 
functions Xj, Xj, &c., we como to ono X^, which we know 
cannot change its sign, wo need not proceed to find the re- 
maining functions. For in tho demonstration of tho theorem 
the nccc: iiiry property of the last function is that it be 
incapable of becoming zero. As, by supjwsition, X, cannot 
vani.-h, the demonstration holds good for tho functions from 
X to Xf. The fact that a function cannot change sign is 
most rcailily obw^rvcd in tho c:ij« of u quadratio function, 
which will generally bo tho second from the final remainder. . 
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As the labor of finding Sturm's Functions increases very 
rapidly with tho degree of the C(iuutioii, and especially with 
the lust functions, it is of some importance to save, if possible, 
tho labor of computing those functions. 

Ex. 1. Let tho equation proposed for analysis be, 

X = x^ — ix>-Ux + 43 = 0, then 

A\ = 3x« — 8x — 11, 

X, = 22; — 7, omitting a factor 49, 

By Cor. 2, tho roots are all real, and, Cor. 4, two are positive ; 
we arrange the scries of signs for diiTerent values of x as in 
the followin"; schcmo : 



X 


X 


X, 


J^2 


X, 


.Varialions 





+ 




— 


+ 


2 


1 
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■ + 
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— 


+ 


+ 


+ 


1 


5 


+ 


+ 


+ 


+ 






There are at first two variations of sign, and the number 
continues tho same till, for a; = 4, we have one variation only; 
a root therefore lies between 3 and 4. For x = b tho remain' 
ing variation is lost ; thus another root lies between 4 and 5. 

It will be sufficient to substitute "or a; in JT alone, when 
but ono root remains of a certain sign, as a change of sign in 
tho final term will show when tho root is passed. Thus to 
find tlic situation of the negative root in this example, we 
need only substitute negative values for x in X. Wo fiud this 
root to lie between — 3 and — 4. 

E.^. 2. Let X = z* — 5a;3 ^ i^g? _ 20a; — 15 = 0, then 
Xi = a:* — 3a;* + 4a; — 4, omitting a factor 5, 
Xj = 22;8 — !o2? + IGa; + 15, 
X3 = 4a'2 + 55a; + 53, 
X = — SGOla; + 3431, 
X, = -. 



BTUEM'S TOEOBBH. 



103 



In this example the sign oniy of the final function is detcr- 
miuod; for this function, bolng independent of x, docs not 
change eign. As in this, bo in other examples, it will be 
suDicient to perform as much of the numerical work ob will 
enable us to determine the eign of the final remainder, which 
sign, when changed, will be the constant sign of the final 
function. 

A glance at the leading signs informs ns, Cor. 3, that the 
equation has two imaginary roots; by Cor. 4, thoro'is but one 
positive, and therefore two negative roots. Arranging the 
series of signs as before, wo have, 



j; 
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X, 


X^ 


X, 


X, 


X, 


Variations 


-4 
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4- 


+ 
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3 


+ 


+ 


+ 


+ 


— 


— 


1 



By noting where the losses of variations occur, wo see that 
the roots are situated in the intervals, (—4, —3), ( — 1, 0), 
(2, 3). 

Ex.3. LetX = a:« — C0a:<+10ar'—]20a;»+ 6^ — 1650 = 0, 
then X■^ — :fi — 40r! + Da' - 402 + 1, 

Xi = 4z< — a' + ICz' — a- + 330, 
X-, = 7012.-3 _ 08^2 + 1850a; + 314, 
X,z= — G7288a:= + 5530072 — 40501906, 
X5 = 11031G42G772 + 9178C53G1528, 

Here we see by inspection of the leading signs that there arc 
four imaginary roots, and of the real roots one is positive, the- 
other negative. We can, tlicrcforo, readily isccrtain the situa- 
tion of these roots from X alone. The roots lie in the inter- 
vals (-8, -7), (7, 8). 
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159. The labor of coiiii)utlng tlioso functions is evidently 
very great, and that of Bubstituting different yaluca of x in 
them, in order to siscortnin tlio intervals in which the roots lie, 
is not much less, oven when wo content ourselves with dotor- 
minii),'^ bctwccu v/hat integers they lie. In the above example 
the tbreo roots between and 1 are respectively .306000.., 
.3G6G60. ., and .366061. ., all three concurring to four places 
of dccinuils, and two of them to five places, bo that the task 
of separating them by means of fractional substitutions in 
Sturm's Functions would bo even moro laborious than that of 
obtaining the functions.* 

Upon the whole wo must reach the conclusion that this 
celebrated theorem,! though tho most important and interest- 
ing addition to the Theory of Equations that has been made 
in the course of tho pa.st two centuries, and though olTering 
an infalliblo means of determining, not only the number of 
real roots in an equation, but also the exact situation of cacli, 
is too laborious in application to bo generally available for 
equations of above the fourth degree. 

EXERCISES. 

Find tho intervals in which lie tho real roots of the follow- 
ing equations : 

1. ar! — 02-! + 7a; — 3 = 0. 

2. a:3 — Saj! -f- 13a; — 11 = 0. 

3. Ca:^ — 39ar! + 24a; — 25 = 0. 

4. a;* — 5a:s + 3a;« + 7a; + 2 = 0. 

5. a;* — a;' — ar' + 6 = 0, 

6. a;6 + a;3 — 22:» + 3a; — 2 = 0. 



• It wil] bo Bbown In the courso of the next chapter. In connecUon with Horner'f 
Method, how sacb roots may bo readily separated without tho aid of Sturm> 
Functlons- 

t The theorem was discovered by M. Stnrm In 1829 ; received the matheniiitlcftl 
prize from the Acadfimle Royale des Sciences; was pabllehcd la Mcmolrcs pr<8ci)t4« 
par dcs Savons Etrangers, 1635. 
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CHAPTER IX. 

HORNER'S METHOD.* 

160. ,In the preceding chapter a method has heen girea 
by which vo can determine the situation of each real root in 
a proposed numerical equation. Wo have now to consider a 
method of rciniirkablo BimpHcity und olegiinco, by v/hich wc 
can, after determining the first figure of a real root, ascertain 
its value exactly, if commensurable, or, if incommensurable, 
to any degree of approximation desired. 

IGl. Suppose that in an equation f{x) = a positive real 
root is X =: a + a' + a" + &c., where a, a', a", &o., are its 
successive figures in descending order of the decimal scale, 
and that by a previous analysis, or by trial, we have ascertained 
the first figure a of this root. "We proceed to transform 
f{x) = into another equation f{a + x') =: 0, whose roots 
are those of /(ar) ~ 0, each diminished by a. AYe now pro- 
ceed to ascertain the next figure a' of the root \o which wo 
are approximating, and then transform f{a-\-x')=.Q into 
another equation whose roots are each less by a'. Proceed- 
ing in this way, we determine in succession the figures 
a, a', a", &c., till we liave either obtained tlio root exactly, 
or to as many figures as are necessary to the degree of approxi- 
mation reqiiirod. 

The points in which the superiority of Homei-'a Method 
consists are : (1). The successive transformed equations are 
obtained from the preceding equation by the compact and 
eiiay process already given in Art. CO. (2). After the first 
figure of the root has been, obtained, we are guided with more 



• This method, named after Its anthor, Mr. Horner, of Bath, England, was pnh- 
llshed by bim to tbo year 1819. 
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or lo33 cxnctitudo to tlio next Cguro by a process which 
shall presently be explained. (3). After a few figures of the 
root have been determined, we can very much contract the 
operation, which ultimately becomes a case of contracted 
division. 

We shall now consider in order, I. The Method of Trans- 
fomiation; II. The Method of Trial Divisors; III. The 
Method of Contraction. 

1G3. The Method ov Traksfoematiok. — This has 
been already explained and illustrated in Art 69 ; we apply 
it as follov^s : 

Let f{x) = dz'>-~ 132Cx' + 05702 — 9177 = 0, and sup- 
pose wo have ascertained that a root lies between 500 and 400; 
we proceed to transform f{x) = into f(iOO + z') = 0, the 
roots of which are those cf f{x) = 0, each diminished 
by 400. 

3 —1326 +0576 —9177 1 400 

1200 —50400 — 17529G00 



-120 -43821 -17538777 =/(400), 

1200 429G0O 



1074 385776=/, (400), 

1200 



2274 = ^/2(400). 

Hence the transformed equation, whoso roots = z — 400, is 

3x'» + 2274a;'' + 3857702;' — 17538777 = 0. 

We could nov/ proceed to find by trial the next figure of the 
root (400 + x'), and, when it is found, transform by the figure 
thus found; but we shall presently show how wo may be 
guided to this figure without unnecessary trials. 

1G3. It is important to remark that if the root A, to 
which we are approximating, is the only positive root having a 
for its leading figure, then, in the transformed equation, A — a 
will bo the smallest positive root, and the only one whose lead- 
ing figure is in that order of the decimal scale which is next 
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below the order of a.' For each root vrhose leading figure was 
kss tbau a will bo negative in the transformed equation, and 
all tlio roots whose leading figure was greater than a will have 
their leading figures of higher orders than a', the leading figure 
of ^ — a. Thus supposing the roots of an equation to be 
7, 34, 49, 5G.3, 78, 200, and wo diminish each by 50, then 
we have, —43, —16, —1, C.3, 28, S'lO, as tlie roota in the 
equation truiitformed by 50. 

If wo again diminish each of these roots by 6, we obtain 
— 49, —22, —7, .3, 23, 234, as tho roots in the Bceond 
transformed equation. Thus the root towards which we are 
approximating becomes rapidly quite small a& compared with 
tho other roots. Similar remarks apply v,l)cn there are two or 
more roots having the sojne leading figure. 

1G4. Metuod of Trial Divisors. — These are similar 
to thoBO employed in the evolution of arithmetical root^, and 
aro usually deduced as follows : 

If a + x' is n root of f{x) = 0, and x' is sujicienlhj small 

as compared with a, then — ^4^ = x' npproximativeli/, 

Ji <,«; *•» 

For, by Art, 69, when a + a;' is put for x in f{x) = 0, 
thon 

/(a + z') = C„x"'+. . . . if{a)x''> +fi{a)x +f{a) = 0. 

Now if x' 33 Bm.all as compared ^vith a, we may neglect all 
the terms involving higher powers of x' thnn the first; thus 
we have fia)x'+f{a) = 0, or -_^{] = ^' approsi- 
matively. 

* 

1G5. The proposition is generally stated as above. It 
would be better to stat* tho second condition under the form, 
if z' is small compared with the other roots. This will bo 
more clearly seen from the following way of deducing the 
rule ; 
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Let a, p, y, d, K, and x', bo the roots of the trans- 

forraed equation /{a + x') = 0, thcu, by Art. 45, we have, 

— / (a) = aPyd. . .kx', and 

/, (a) = aPyd. . .k + x'{Py6. . .« + ayd. . .k + &c.) 



/ (a) __ aPyi^ ...kx' 



/, {«) aliy<L .K + x'{py<i. .K + ayd. .K + &C.) 

}-.roxiuiativcly, 

■ffhen x' is small as compared ■with the other roots. 



= x' ap- 



IGG. The degree of approximation will evidently depend 
upon how small a.-' is as compared with the remaining roots, 
and will be in excels over, or defect from, the true value of x', 
according as aPyd. . .« and x'{Py6. . .tc + &c.) have contrary 
signs or the same sign. 

Now in 103 v.'c saw that, if a 4- a;' was the only root having 
a certain leading ligure, tlicn x' is, even in the first trans- 
formed equation, a decimal as compared with the other posi- 
tive rootH. Of the negative rots some may bo numerically 
Ices than x' in the first trunafurmation (sec 1G3), but at tlio 
same time these negative roots tend to diminish the expression 

.x'(pyS. ..ic + ayd. . .K ■\- ^(i.) by maliing tlio products vary 
in ei'ju. 

Tiiua u;x)n the whole it will be found that, even in the first 
transformed cquaLiou, if wo divide minus the final term by the 
preceding cocflicient, the figure tluis obtained will not be far 
from correct; in many instances will be exactly so. In the 
second transformed e.'iuation the trial divisor will give the 
next figure of the root correctly, with comparatively rare 
exceptions. 

If the figure obtained is too great, wo shall become aware 
of the fact before completing the first row of work in the next 
transformation, by seeing that the finnl sign will be changed, 
thus showing that the root has been passed over. We then 
try the next lower figure, and so on until we find one that docs 
not cause a change in the final sign. If the figure obtained 

' is too small, we shall not be warned of the fact in the same 
way, though we can generally infer, from the result produced 



116 ALGEBEAICAL EQUATIONS. 

on the final term, whctber the figure would require to be 
increased. In ca3e of doubt, it would be prudent to try in a 
bye-opcratiou, •whether the next higher figure would change 
the final sign, -which it ought to do if the figure olitaincd by 
the trial divisor ia correct Finally, if at any part of the opera- 
tion we transform by a figure too email, we shall be informed 
of the fact by the next trial divisor giving a figure of too high 
order to be correct 

107. Resuming consideration of the transformed equation 
of 1G3, 

3a;'s + nUz'^ + 38517&z' — 17538777 =: 0, 

« 1 *i, 4. /(400) 1753... ,^ ^, . 

we find that — -j^Jq^ > or ^^ = 40 +; we therefore 

transform by 40 as follows : 

3 -1-2374 . +385776 -17538777 [40_ 

120 05760 

2394 481530 

We need proceed no further with this transformation, as it 
is obvioHH that, if complotcd, the final sign will bo changed. 
"Wo accordingly transform by 30, thus : 

3 



3274 


+ 385776 


-17538777 


|30 


90 


70920 


13700880 




23C4 


45GG9G 


— 38378C7 




90 


73G20 






2454 


C30316 






90 








2544 









and have the transformed equation 

3z"^ + 2544a;"» + 530S16a;" — 3837807 = 0. 

^« - irp^' '' ^3^: = 7 +, we transform by 7, 
■ thus : 
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Ill 



+ 3544 
21 

25G5 
21 

258G 

21 

2607 



+ 530316 

17955 

548271 
1810-^ 



-3837897 |_7_ 
3837897 



5C0373 



Hence the equation bas a root 437, since /(437) = 0. The 
remainiag roots may bo dct<.Tmincd from the depressed equa- 
tion 3x"'2 + 2C07a:"'+ 5GC373 = 0, tho roots of which, wlien 
increased by 437, are roots of f{x) = 0. 

For the sake of perspicuity wo have exhibited each trans- 
formation separately in the preceding example; in practice 
Tve proceed as follows : 

3 — 



-132G 


+ 6576 


—9177 1 400+30+7 


1200 


-50400 


-17529600 


-..126 


-43824 


—17538777 


1200 


429G00 


13700880 


io:4 


385776 


—383'; 897 


1'.'00 


70!v:o 


383:897 


.2;r/4 


45000G 




90 


73020 




2304 


53031G 




90 


17055 




2454 


518271 




90 


18102 





5G0373 



21 



25 G 5 
21 

2586 
21 ^ 

2G07 



Indicating tho norTCSiwnding terms of each transformation by 
a small index figure, or other mark. 
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1«8. Ex. 3. f{z) - 3* - hj? -\- 'Xx^ - 13a; + 05 
lias a root lying 'betTvecn 2 and 3 ; we proceed as follows ; 



—5 


+ 2 


-13 


+ 55 |2.3 
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—6 


— 8 


-42 
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13 


—3 


—4 


-21 
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—2 


—12 


—10.1709 






1 •^ 


— _^ 5 


— 1 
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—33 


2.8291 
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— .903 




■ 1 


—4 


-33.903 
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.99 


— .579 




1 




s 




3 


—3.01 


-31.482 




.3 


1.08 






3.3 ' 


—1.93 






.3 


1.17^ 






3.G 


- .76 






.3 








3.9 








•3. 









4.2 

In the Crat tranafonnation wc found —/-/irP- , or ^',~ z= .3+, 

y 1 \'^) 33 

and trunHforinod again by .3, aa above. As we find —;r~j~r-J < 

2 8291 /i(^-3) 

or :,-7-tq^ = • OS + J we could proceed to transform again by 

.08, and so on for the remaining figures of the root. 

IGf). In practice it is found convenient, howoTcr, to dis- 
pense witli tho decimal points. This wo ell'cct as follows: 
Wlicn, in an equation of the ii"' dcgrco, we have dluunished the 
root, to whicli. wc are (q)proziinalin<j, till the next fujure would 
be a decimal, we add n ciphers to the right hand working 
column ■when completed, {n — 1) ciphers to the next column 
ivhen completed, and so on. This (59) is equivalent to multi- 
plying tho roots each by 10, and by repeating tliis multiplica- 
tion at every transformation wo arc ciiublcd to dispense with 
t!)0 troubk'foino decimal points in tlio working columns, the 
ci.ihcrs also serving to mark where a column was completed. 
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Bcjimung tlib example again, wo proceed thus : 



-5 


+ 2 


-13 +55 12.381 


2 
-3 


-6 
-4 


- 8 -42 
-21 130000 


2 
-1 


-2 
-6 


-12 -101709 
—33000 283910000 
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-903 -27C1232G4 
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-400 


-33903 67867360000 


.3 


09 
-301 


-579 -31520621079 


30 


-34482000 3334G738921000O 
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103 


-33408 


33 


-193 


-34515408 
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117 
-7600 


-5504 


36 


-34520912000 


3 
39 


3424 
-4170 


290921 
-34520G21079 
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3488 
-683 


295443 


420 


-34.520325630000 
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3553 
280100 
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4521 
2'J0;i21 




4;ui 
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4522 




444 


205U3 
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4523 
2999G6( 




4520 
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)0 


4521 
1 






4522 
1 






4523 
1 







45240 
In every instance in this example we have found the trial 
diyisor give the correct figure for the next transformation, and 
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we could go on in the Biimo way to find as many moro figures 
of the root as miiy bo desired. But wlion wo oxamino the 
second worlcing cohimn, that which wo employ u=i trial divisor, 
wo observe that the addends from tho coliinui to the left have 
less and less iniiuenco upon the leading figures of this column. 
It is evident, indeed, that if we continue to pcrfonn the opera- 
tion v.ithout contraction, we shall soon have a large number , 
of Buperfluoua figures in the second and rif^dit-hand columns, 
which figures might bo dispensed with without airoctliig the 
correctness of tho result within certain limits. We therefore 
contract tlio work in tho manner about to be explained. 

170. Method of Contraction. — When we have oUaincd 
a root io two places of decimals lij tlio uncontractcd process, we 
can contract the operation by ceasing to add ciphers to the 
rifjhl'hand column when completed, hij sirilcing off one f'ljuro 
from the second column when completed, tiuo from the third, 
three from the fourth, and so on. 

Tliis, it will readily bo scon, is equivalent to first supposing 
the coefficients formed as in the preceding article, and then 
dividing each by 10" {n being the degree of tho equation). 
Taliit!,'!:, for example, tho coelHuients of the thu-d transforma- 
tion above, 

1 -^-4520 -^ 286400 —31520912000 -f- 67867360000, 
and dividing each by 10,000, we have 

.0001 -f.452 -1-28.C4 -3452091.2 -f678G736. 

With these contracted coefficients we proceed as before : 

1452 



+ 28164 


-345209,1|2 
29 


-)- 6786736 1196012 


4 


—3452063 


129 


— 3462062 
29 


3334674 
— 310G800 




— 345203|3 
3 


2;]78T4 
—207118 




— 345200 
. 3 


20750 
—20712 




-3!4|5|1|917 , 


■ 44 
-35 
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• In the first step of this contnictcd operation, tho trial 

divisor (^>^-^) indicates 1 as tho next fignre of tho root 

\ J'iO . . . / 
Though wo liavo struclc off all tho (iguroa of tho fourth work- 
ing column, yet (as in contracted multiplication) wo allow for 
its influence upon the third column, which thus becomes 29. 
We complete the transformation by 1, and strike off figures as 
before. The trial divisor now indicates 9 as the next figure ; 
we tuko DO further notice of tho fourth column, but, though 
wc have struck off the remaining two figures of tho third col- 
umn, wo carry 3 from it to the second column, since .29 x 
= 3 to tho nearest decimal. Wc then complete the trans- 
fonnation, and strike off another figure from the second col- 
umn. The rest of the work is merely a contracted division. 
Tho approximated root thus obtained is a; = 2.3819CG012. ., 
and is correct to llio hut figure, which would bo 1 if obtained 
by tho uncontractcd process. 

171. Another root of the eamo equation lies between d and 
5 ; wo proceed as on tho following page to compute this root, 
contracting fnmi tho third tmnsforniiition. 

Observe here that tho sign of the final term is changed in 
tho first ti-ansformation. Tiiis arises from the fact that a root 
has been passed, that which we computed in 170. Wo ob- 
serve also that the trial divisor suggests a number far above 
the true value of x'. This arises from tho fact that a/ ia not, 
in this transformation, much smaller, numerically, than the 
next root. 

In the remaining transformations the trial divisor invariably 
suggests tho trae figure. The root thus obtained, 

a; = 4.G1803399.., 

is correct to the nearest decimal. 

173. To approximate to the negative roots of an equation, 
we change the signs of alternate terms, thus (61) changing 
negative to positive roots, and proceed as in the above exam- 
ples. The roots thus obtained will, taken with tho negative 
sign, be the negative roots of the equation. 



116 



ALGEBRAICAL EQUATIONS. 



—5 

4 

— 1 

4 


+ 3 
—4 

-2 
12 


—13 

- 8 

—21 

40 


+ 55 |'4.C18033996.. 

—84 

—290000 
275856 


3 

4 


10 

28 


19000 
2G97C 


— 141440000 

779'14041 


7 
4 


3800 
C96 

4496 
733 


45976 
313C8 


—63495059 

63224739 „ ' 


.110 
C . 


77344000 
G00941 


— 270320 
238512 


116 

6 

122 
6 


5228 
708 
59'JCOO 
1341 


77944941 
602283 

7851723|4 
483G8 


—31773 
23856 • 
— 7922 
7156 


128 
6 


000041 
1342 


700;j()90 
48450 


— 7CG 
716 


1310 
1 


C02283 
1343 


7951514|0 ■; 
2 


. -60 • 

48 ■ , : , 


laii 
1 


C030|20 
10 


79517 
■ 2 


-3 


1312 
1 


60 ic, 
10 


' 7|015il|9 


' 


1343 
1 


6056 
10 







1|344 



60I6C 



173. By this compact operation we are thu3 enabled, when 
once the leading figure has been obtained, to approximate to 
any real root of a proposed equation with just the same amount 
of numerical labor that would be required for the extraction 
of an arithmetical root of an order corresponding to the degree 
of tlio equation. The extraction of the n"' root of a given 
number N is, in fact, notliing else than the solution of an 
equation of tlic form a^ — N =z 0, and may be performed by 
tlie same process, and with the same contractions, employed in 
the above examples. 
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174. We have thus far supposed the root to ■which we Tvish 
to approximato to bo tho only one bcginuiiig with a certain 
leading figure. "We can, it is true, by means of Sturm's 
Method, always separate real roots, howcTer closely they may 
coincide. But, as shown in 150, the labor involved in doing so 
is cscossive. It is now proposed to be shown that, guided by 
an exloriKion of tho rule above given in regard to trial divi- 
sors, wt can safely proceed in the approximation by Ilomcr's 
Method, even when there are in the given interval several 
equal or nearly equal roots. 

175. It has been shown in Art. 1G4, et scq., that in tlic 
tranafurmod equation 

/{a + x') = CU'"+ . . . . 4/.(«)a:'» +/. {i)x' + f{a) = 0, 

when x' is small compared with a, the part of the root 
already found, wo may neglect all but the two Inst terms, 
/i{a) +/ (a) = 0, I'roin which Biuii)le c([i!atioa wo may ob- 
tain one or more figures of x'. Now if tliere arc itco nearly 
equiil roots in the interval wo aro oxaminiug in /{a + z') = 0, 
then, since (82), the first derived equation* y, {a + x') = haa 
a root lying between them, wo should (ICl) oblaiii un approxi- 
mation to this root from tho last two terms of 

/, {a + x') = nC„x"-'+ . . ..iMn)x'^ + f,{a)x'+f, {a) = 0, 

that is, — /i(a) -r- /?.{") = ^' approximatively when there are 
two roots having figures in common. 

Generally, if f{a + x') =0 has r equal or nearly eqnal 
roots, of which a is tho leading part, then (82) the (r — l)" 
derived equation lia.s a root lying between the two least of these 
roots ; that is, 

/,., {a + x') = /. {a)x' + /„, («) = 

has a root a little greater than the least of the r roots of 
f[a + x') = 0, and. by Art. 101, an approxinuition to this i-oot 
is given by tho expression — /r-i (a) -r- /r («)• Therefore, 

writing tho transformed equation as 

C„a;'»+ .... C'rX"+ C\.,x"-'+ .... C'ix'^+ (7',a;'»+ C'.a/ 
+ Co = 0- 

• By the f* derived cqaatioa l8 meant the n* derived function equated to rcro. 
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and remembering that (7'/= ]—/•(«), we have 

as the respective expressions for Euggcsting the leading fJgiiro 
of the next transformation, according aa tliere arc one, two, 
three or r roots in the inlcrTal under considcrotion. 

Wo deduce, as follows, another sot of expressions, which 
serve as a check upon those preceding. 

Let f{a + x') — </)(a;') i/i(a;'), where ip{x') is the prpduct of 
r equal factors {x'—k) and ip{x') the product of the n — r 
otlicr factors, then putting 

<p{x') = C,x'"-'+ D,x' +Do, 

i/'(.r') = x''—rKx''-\..±rii'^^x'^rJ, 

.: /{a + x') = C„x'''+ ±(rDo«"' - AkO^^'^A"' = 0, 

= C„a;'"+ + C\x' +C"o = 0; 

C'o D„K K X' . . 

. . T,— = —fi PT- = — , or — , nearly wlica k is 

small as compared with the other roots. 

If the factors in i/'(a;') are not absolutely, but yet nearly, 
equal, the above conclusion will still hold; thus the ex- 
pressions 

2 (7 3(7 r(j p _, 

~'C\' ~ "6", ' 6"i ' 

ought to suggest the same value of a;' as the corresponding 

expressions in A, according aa there are two, three, or r 

equal, or nearly, roots in tho interval under examination. 

176. When, therefore, we have ascertained that there are 
several roots beginning with a common leading figure, we pro- 
ceed as follows : 

(1). Transforming in the usual way, wo diminish the roots 
by this common figure. 

(2). By means of tho proper expression in A wo determine 
the next figure. If the expression (A) at this stage suggests 
tlie exact figure, that from (B) ivill usually agree with it. . 
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(3), We continno, at each traneforraation, to ascertain, in 

the same way, the common leading figures in enccession, till 
cither a discrepancy in the figures suggested by the expressions 
(A) and (B) warns us that the roots no longer coincide, or a 
change in the final sign shows that we have separated a root, 
which wiil ho the Icaat of those to which wo vrero npproxi- 
matir g. 

(4)1 When wo have thus separated a root, or group of roots, 
as the two groups do not differ much from each other in value, 
the divisors will not again be effective till we have ascertained 
the correct leading figure of each group and performed a 
transformation by that figure. Wo n)ay then proceed sepa- 
rately with the appi'oximation of each group, guided by the 
expressions in (A) and (B) appropriate to the number of roots 
in the group, till wo separate these roots also, and carry on 
the approximation to each single root by means of the ordinary 
trial divisor as far as desired. 

Ex. 1. The equation 

ar> — 4:i7x' + 3CC0 -f- 282G = 

has two roots between 12 and 13 ; we proceed to develop them 

as shown ou the next page. 

In the first transformation we find yir t or -yrrrr = 7 + , 

f-ii ("TO ' 

and r-p— ' , or -^.- = 8 + ; we transform by 7, and find 

that figure correct. In the next transformation we find both 

?Alx2 , 82G _„ ... ., 

-gog- and ^yo^ suggest 0.8; we accordingly, co isider- 

ing as a figure of the root, add other ciphers to the worliing 
columns, and transfonn by 8. In the next transformation we 

bejrin to contract ; both ^^-.-tt- and t— — - indicate 2 as the 
° ,r 210 50x2 

next figure. In the next transformation, after striking off the 
contraction ngiires, wo hnd — f^T.— indicates 0, and 



■15G ' 50x2 

indicates 4. The roots therefore coincide no furtlicr ; we find 
that 1 produces a change of sign in the final term, sliowing 
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+ 

_12 

13 

11 
24 
'_13 
30 
12 
480 

' 487 

7 

494 

7 

501 
7 



50800 
8 

60808 
8 

50810 
8 

50824 
8 



-407 
144 

-323 

288 

—35 

433 



+ 



3G00 
3876 



+ 2820 

— 2593 



12.708203932 



-216 
-420 



2310000 
-2339G59 



39700 
340 

43109 
3153 

4C5G7 
3507 



-G3G000 
3017G3 

-334237 
325909 



6007-10000 
40G4G4 

50114G4G4 
40G528 

501553993 
400592 



5019595184 

l Ol'o 

501909714 

ioi|g 

5019799 
102 



34100000000 
— 34070G2G304 

29373C9G 
—29202080 



— 82G8000000 
4009171712 

—4258828283 

4012423930 

-2'iC10435!2 

10039395 

— 14G01040 

10039598 



—45614 
1505 



—4410815 
1500 



-42G0 
45 



3 



501832 5I01198J01 



-4215 
45 

-4|117;0 



171010 

— 1323::5 

30291 

—37937 

1354 

-1251 

103 

—84 

19 



that the figure of the lesser root is 0. We carry the contrac- 

171 

tion a step furUier, and by the ordinary trial oxi^rcssion -^^ 

have 3 sug£;csted as the next figure, which proves to be correct. 
Currj-Ing on the approximation for a few etcp^ further, the 
correct figures being indicated in succession by the trial divi- 
sors, wo find a root x = 12.708203932, which is con-ect to 
the last (l;:;uro. 

To approximate to the remainder of the other root, -wo take 
the transformation at which the roots separated, and find by 



nORlTEH'S METHOD. 



121 



triiil that 8 is the greatest figiiro which docs not cause a loss 
of two variations of sign. We proceed as follows : 

5|01198 



-456U4|2 +17161G | .00008G9364 


401584 


1 — 43G483 


— 545G0|3 — 2C48G3 


401584 


22G286 


34702 4 —38570 


3012 


37059 


37714|4 -1517 


3012 


1249 


4072|G 


— 2C8 


4511 


250 


4117|7 


-18 


45 





411|G|3 

Adding these figures to those already obtained, we have as a 
second root x = 12.7082869364.., -which is correct to the 
nearest decimal. 

Ex. 2. The equation, 

'iig' + 391a:4 + 5376a^ - 2344x2 + 336a; — 16 = 0, 

has three rooto betvrcen and 1. Before proceeding with the 

solution,, as on the two following pages, we multiply the roots 
by 10, m S.S to d'spyiipo with the decimal points. Wo find 

■—fp^^- =1 + , ana — ;- — - =1 + . Wo transform by 1, and 

^^ 424x3 707 

in the first transformation find „„^ = 4+ , and •— — r 

oOO 55 Xo 

=; 4+, Bho\rIrig t!iat the three roots still coincide. In the 

second transfonnution wo find — rrnTr- = 2 +, and -:- — ^ 

938 5i)x3 

— 2 +, which figure must dill bo common to the three rootij. 

882 X 3 
But in the third tnmsfonnation wo find ■ =1+, while 

(-01 1404: 

■ ' = 3 +, sho^dng that the roots no longer coincide. 

Ufon trying 1, we may infer from the efiect upon the final 
6 
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+3910 


+ 537G0O 




—2344000 




3917 


3917 


541517 


3924 


541517. 


~lt;02483 


30:31 


3924 
545141 


5454^41 




3938 


— 12;»7v)12 


39450 ' 


3931 

649372 


549372 


0' 


39478 


— 70707000 


3950G 


3938 
55331000 ' 


22.195504 


8 
3 


39534 


— 48571435 


39502 
395900 * 


157912 
55-i88912 


222587744 
— 2 G3 120608 


395914 


15303' 


3 


2232202S8 


395928 


55(J4G93( 


—39906320000 


395942 


158136 


11194247G5G 


39595G 


55805072 


—28712072344 


39 5970 ' 


158348 
559U332000 ' 


11195831308 


* 


-17510240970 




791828 


11197415136 




6597123823 


— 03] 88258 40 




• 791850 


5599539 




5597915684 


—57588719 4 




791884 . 


5599578 G 




5598707568 


—51989140 8 




791912 


5509G18 2 




5599499 
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—463895(22 




39 


6 


16798;97 




5590539 


— 44709G 


2 




39 


1G799 






559957810 


-430297i 




39iG 


10790| 




55090 18 


2 


— 4UM98 ' 




39 





2K 99 






515991058 


—410019b 




6 « 


28| 
-4U;S08 






28 






—4051 
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4-3360000 

—1802483 
1557517 

—1257042 

3004750000 ' 
— 194' !35740 8 
10018;):i503 
— 105250C433 ' 
938ei600000 ' 

— 574:JtMJfiR8 
30437455312 

— 35032481912 



.1421356 



140497337 
-57588719 



82908017 
-51989140 



3091947 
—1341288 



1750G59 
— 1290801 



4597018 
—205349 



-2544] 
2039. 


L9 
19 


-504 
243 


t 
1 


201 
242 


6 



-leooooo 

1557517 
—4248300000 ' 
4247570368 



172903200000 * 
728749 1 0624 
—88289370 * 
82908C18 
—5380758 * 
J>25[977 
• —128781 * 
127210 
— 1571 • 
1570 
— 1 



19 



term tliafc tin's is n correct figure cither of a sinj^lo root, or of 

two roots, Uiwii completing Uio truiiHfonnalion, wo fiud that 

538 X 2 
the 1 is a figure of a pair of roots, for = 3 -f and also 

309 

V-; — -7- = 3 +. In the next transformations, till tho final col- 
4b X 3 _ 2(7' 
umn is exhausted, we find both expressions, 777-^ and 

C", ^ » 

— xjy- , continue to agree in the figures indicated. We may 

therclbre suspect that the roots are equal. How we may 
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veiify this inference -will bo hereafter adverted to (187). To 
compute the remaining figures of the third root, whose leading 
figures were .142, wo tako the tranaformatiou at wliich tlw 
roots separated, and finding by trial the next figure 8, we pro- 
ceed by the contracted process to find somo more figures, the 
trial di-visor indicating the remaining figures correctly. Wo 
thus find tho third root, x = .14280714. .. 

177. These examples show that Homer's Method is quite , 
equal to t!io sopnrnlion of, and u|)pnixli!ialion to, roots, how- 
ever cloF.cly coinciding in their loading figures. Such cijual, 
or nearly equal, roots, which have usually been regarded as 
presenting great diilicultiea to the calculator, may really bo 
approximated to with greater facility than tho others, since, 
guided by tho trial expressions A and B, wo arc ciuiblod to 
calculate a part of sevend roots .simultaneously as far as they 
coinride, and then purBue the approximation with contracted 
C'o:,'iliciuntH after 'tiie single nmln, or gmups of rootw, diverge. 
For practice wo subjoin a few cqnationp, each having a pair of 
roots lying between and 1, and coinciding for several llgures. 
When, as in these example?, there are only two such roots in 
a given interval, the sei^iiratidn is easily cfTectr'd by means of 

the trial expressions — ^-^ and — —^fr > which will suggest 

the same figures till the roots separate. At that point, wo find 
by trial the correct leading figure for each, and after transform- 
ing, carry on tho approximation to each by means of tho ordi- 
nary trial divisor, 

EXERCISES. 

1. X* + 152a:' + 5101:k' — C78(te + 2210 = 0. 

2. X* + 214^8 + 10135x5 _ 8508./; + 1770 = 0. 

3. X* + 28-lx' -f 10i71x^ — 285301 + 10500 = 0. 

4. x^ + 2182:3 ^ 10474x2 _ I7808x + 7440 = 0. 

5. x* + 18Sr^ + BCSlx' — 700O.r + 1780 = 0. 

6. 3* + iOx^ + 575x3 + 1588x= — 848x + 104 = 0. 

7. a^ -\- 47x* 4- 823x« + 40Gb:= — M54x + 104 = 0. 

8. z- 4- 03x'- + 500./;" + 1331.r2 — 72!)x + 01 =0. 

9. x= + D3x< + 233x3 + 148x3 _ 300a; + 80 = 0. 

10. 2= + 173x« + 2350x3 j. lOlCSx^ _ 14101x + 4183 = 0. 
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CHAPTER X. 

ANALYSIS OF EQUATIONS BY rOUIlUJll'S TIinonHM. 

•178. Tho method of approximation explained in the pre- - 
ceding cljapter requires, as a necessary preliminarj', that the 
situations of tlie roots have been ascertained by a previous 
uiialysia. Htiinirs Mdhod if, indeed, fully udcnpuito to tlio 
analysis of any numericiil equation, but is at tho same time 
(•xcrHnivcly liiliDi'iouH in IIm pmclical ajiplication. Tho obj^ir.t 
of Iho present chapter is to show how the neccssai-y informa- 
tion regarding the roots may be obtained independently of 
iSturm's Theorem. 

170. Pnop. I, — Fourier's Tiikorem.* 

Let f{x) = he an equAtion of the n'* degree, then if a 
and h, of which a <. b, ho snccessicchj suhstituted for x in 
iho eerie? of funclions f{x),f{x),f,{x), fn{x), consist- 
ing of fix) and its mcccsi.sivc derived functions, the excess 
in the number of variations of sign in the series when x = n, 
over the numher when x = b, will not be less than the number 
of real roots of f{x) = tliat lie between a and b. 

By Art. 8, no change can take place in the sign of any of 
tho above functions except, when, a; increases through a value 
that niukoa that function vanish. 

It has already been proved (M8, IIT.) that if a function f(x) 
vanish when x — c, then /(a;) and its first dcri\ed function 
f (x) have contrary signs when x is indefinitely smaller than 
c, and the same sign when x is indefinitely gi'catcr than c. 
Tins relation must evidently hold good with regard to /, (x) 



• The theorem le usually immcil after I'ourliT, thooi-h flrnt publlslied by nudnn hi 
1807. There la evidence, however, th.it Fourier had developed the theorem in MS. 
at early 08 1797, 



FOUEIEE'3 THEOREM. 127 

' and ita first derived function fi{x), and, go no rally, with regard 
to any function fr{x) and its first derived function /r+i (x). 

We have two cases to ctjnsider : 

I. Suppose that for some value betvreen a and J, as a; = c, 
the r consecutive fi! notions /(-»), /i (-f), /a (a-)» • • • • /~i Wt 
Viiniali, but /, {x) does no(. 

Prom wimt ha.s b':f n wud above, tlir.'so r + 1 functions will, 
when X is indcOait«ly sinallur than r, pre.ient r vuri.ilioiis of 
sign, and, when a: is indefinitely greater than c, no variation. . 

Hence, as x increases through a root c, that occurs r times 
in f{x) = 0, r variations of sign are lost in the series of 
functions, hut none gained. 

IL Suppose that when x =z c the m derived functions 
fr{x) to /,,r.-i('P) vanish, hut /^-lO') I'ld /,(,»(«) do not 

'i'liun in tlio Bcriea of m -f- 1 functions f ,{■>'), ■ ■ ■ ' f,^m.i{x), 
■f,+,^{x), there will be m variations of sign when x is in- 
definilely smaller than c, and /. (x) will have the same sign 
as f,+n,{x) if m is an even number, and the contrary sign 
if m is an odd number. Therefore the series of ?« + 2 
functions, 

fr.l{^), /r {X), . . . . /h mA^), frim{x), 

will, if the extreme functions, fr~i{x) and fri„,{x), have the 
same sign, present m or ?n + 1 variations of sign (according 
as m is even or odd) when x is indeiinilcly snialler than c, 
and no variation when x is indefinitely greater than c ; while 
if f,.\{x) and f,\,„{x) have contrary sij^'us, there will bo m +1 
or m variations (according as m is even or odd), -when x is 
indefinitely smaller tlian r, and one variation, when x is in- 
definitely greater tlian c. 

Hence, as x increases through a value thai malrs m con- 
secntive dcrirrd funr/ions vanish, in variations arc lost when 
m is an even mimber, and m ±1 tohcn m is an odd number; 
that is, the number of variarions lost in this way is always an 
even number, and none is gained. 

Thus, as X increases from a to i, at least as many variations 
are lowt (T.) um then.! are r(':il roiils in the iiilorval ; nine iflhero 
arc more variations lost than there are real roots passed, the 
excess must bo an even number (II.). 
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180. Con. 1. — Jf (ho corfficienls of an equation f{x) = 0, 
present m more variations of sign than those of the trans- 
formed equation f {a + x') = 0, then the number of roots 
passed in the transformalion is m, or m minus some even 
numl/tr. 

For tlio coefficients of /(x) uro tlio values of tlio functions, 

wlicn is put foi.- X, and tho cocfficicnta of /(rt + a:') arc tlic 
values of tlic Bamc functions whcii a is put for x. If, then, 
there are m variations fevv'cr in the signs of the coefficients 
of f{a + x') as compared with those of /(«), this is the same 
OS a lum of in variiitlons in the signa of tho Bcries of functions 

f„{x) /.■(^) /(•'■).■ ''s ^ increases from to a, thus 

indicating in roots in the interval, or m minus some even 
number. 

181. Cor. 2. — Tf no variation is lost in the signs of tho 
cocjjicicnts of a transformed eq^iation, as comjiared with the 
preceding one, there is no root in the interval. 

18;3. Cor. 3. — If any odd number of variations is lost, 
there is some odd number of roots in the interval; whether more 
than one, we cannot say. 

183. Con. 4. — Tf aiiy even number of variations is lost, 
/here is either no roul., or noino even number of roots in the 
interval. 

18-1. Con. 5. — Tf an equation ham an odd number, p, 
of consecutive zero coefficients, these zeros indicate p ±1 
inuKiinarij rool.t, aeeurding as the zeroi occur between similar 
or contrary signs ; if there he an even inimher, q, of cojisecu.- 
tive zero coefficients, these, ivhelher they occur bdu-een similar 
or contrary signs, indicate q imaginary roots. 

This follows from Art. 179, 11; for if we imagine tho pro- 
posed ciiu:itl('!i tninsfornied into another, tJaving aa roots tlioso 
of the proposed each increased by an indefinitely small quantity, 
tho zeros would he replaced by numbers having alternately 
positive and negative signs, while if the roots were diminishcjl 
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by an indefinitely small quantity, tlio zeros would be replaced 
by numbers having the eiimc tsign, and, as by supposition, the 
zeros occur between tenns that are not zero, variations hayo 
been lost that do not indicate real roots. 

185. General directions for the a])plication of this theorem 
to tlio dotcnnination of the intervala in which iiositivo roots 
may lie, maj' be given as follows : 

(1). Transform eucccHivcly by 10, 100, 1000, &c., as fur as 
necessary, so tm to ascertain how many roots may bo found in 
the intervals [0, 10], [10, 100], &c. This step may in many 
cases bo omitted, as a cursory apjilicalion of the rules for 
limits (75, 7G) may show that there can bo no root so great 
as 10, &c. 

(2). Proceed by successive transformations by 1 to find be- 
tween what units tho rocjls in the iiitcrvul [0, 10], if any, lie, 
singly or in groups ; for those in tho interval [10, 100] wo 
proceed by lO'a; for tho-o in tho interval [100, 1000], by lOO's. 

(3). Eoots found to lio singly between couaccutivo units, or 
tens, or hnndrcds, may he regarded as ready for the application 
of Ilornors Method, shjce wo havo thus tho Icmling figure of a 
root lying singly. But if moro than one root is indicated be- 
tween concccutivo tens, v="c proceed to subdivide tho interval, 
by succesdive transformations by 1, till wo find between what 
anc'ei-'.'/ivo int.cf^ers the roots lio singly or in pairs; wo proceed 
Miuiilurly whcu several I'ooLa arc liullt:;itod Letwi'en coiiMocutivo 
hundreds, 

ISG. By tlvis procca? wo arc thus enabled either to obtain 
tho initial figure of each root singly, or arrive at intervals of 
touarcutivy units between wiiicli two or more routs may lio. 
Proceeding, in this case, to develop the roots according to the 
precepts given in Art. 17G, wo may find: (1) by their separa- 
tion after a few figures, that the roots in question arc real and 
nne'pinl (kco examples in 170); (3) by their continuing to 
concisr to Eovun or more deeinsal.-;, wo may infer tliat tho roots 
arc equal, and proceed to verify tho inR-rcnce in the manner 
flliown below ; (3) tho roots aro imaginary, of which we shall 
be made aware by tests presently to be explained. 
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18*7. "We shall illuBtrato each of tiose cases, taking for the 
first example tho difficult equation, nlreaGy given in Art. 158. 

Ex. 1. a^ + 3r8.r' + 38189x< + 4923C8a:3 _ 5705543;' 

+ 21373O2; — 20352 = 0. 

As it is cvidcnb by inispection that there is a root less than 
unity, wo first transform by 1. In transforming by such num- 
bers as 1, 10, &.C., there is no efTcctive multiplication, and the 
easy additions and subtractions may bo pcribrmed mentally, 
the results only bomg set down as in the folloiving example : 

1 +378 +38189 +4923C8 —57255-1 +313720 — 2G353 [1_ 

379 +38508 +530930 — 41613 +172102 +145750' 

380 +38918 +5G9884 

Wo need pursue this transformation no further, as it is evi- 
dent that all tho three variations of sign in tho proposed 
equation will bo lost ; we thus know that there is at least one 
real root in the interval [0,1], poisibly throe. 

To ascertain tho intervals in which tho negative roots may 
lie, we change the signs of alternate terms, and proceed first to 
transform by 10. 

1-378 + 38189-492308-572554- ,"13720- 2G352 [10 
-3C8 + .34509-147278-2045334-20C6,%0-206696952' 
-358 + 30929 + 1G2012- 425214-24919200' 
-318 + 27449+430502-3939800' 
-333 + 210G9 + CG7193' 
-328 + 20789' 
-318' 

As the number of variations remains tho same, wo know 
that there is no root in the interval [0, —10]. As inspection 
of the transformed coefficients makes it probable that a further 
transformation by 10 will cause a change in the number of 
variations, wo proceed : 

1-318 + 20789 + G77192-393980G-24919200-20GG9G952 [10 
-308 + 17709 H- 854283 + 4G03014 + 21100940 + 4412448 

.We need proceed no further mth this trr.nsformation; one 
variation is lost, and it is plain that no more can be lost, since 
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the second term, at least, will remain negative ; a root, there- 
fore, lies in the interval [—10, —20]. 

We now transform by 100, to ascertain whether more roota 
lie in the interval [0, —100]. 

1 -878+38189- 402368- 572554- 213720- 23C52 [100 

-278+l(«a9+ ii4<aS2+ 540S0040 +5407850880 + B407850C1(H8' 
-178- 'im - 1!)1.':;GS + 34>'i2C340 +887033M.80' 

- 78 -i::2ii -r/inica -I'n-MZ'm' 

+ 33 -13011 -G01C7CS' 

+ 122- 811' 

+222' 

Ko variations but the one duo to the root in the interval 
[—10, —20] are lost by this transformation; no roots, there- 
fore, lie in the interval [—30, —100]. 

Wo proceed to a further tnuisfomiiition by 100: 

1 +222 - 811 -S01G7C3 -130942954 +887023.5480 +54078.50010*5 [JOO 
D2'2 +81380 + 12-^32 -1-..M7:;D754 -aj02730020 +1805110G0048 
453 +735o9 +7431033 +(i:;.37.'J440 + ... . 

"Wo perceive already tJ-.ivl the two variations will be lost in 
this ijaijEfonnatJon, indicatiiig the presence of two roots in the 
interval [ — 100, —200]. Wc can now, starting from the trans- 
formation by 100, transl'onn repeatedly by 10, or, what is some- 
times preferable, halve the interval by transforming by 50. 
Proceeding in Diis nmtincr, wo find a viiriulion is loiit b<-twecn 
the traiifciformalions by 100 and 170, then cnijilojiMg only the 
first line of transfornwtiong, we ca.-iily find the remaining root 
is situated between 190 and 200. We have thus at'ccrtained 
the presence of single real roots in the intervals [—10, —20], 
[-I'JO, -170], [~-190, --200]. Of the three roots indicated 
3i\ th(- inlerviil [0, 1] v,e know that one, at Ictist, must be real. 
As the,=G root.? aro quite i-ninll as compared with the others, wo 
mayo:fpcct; tlic trial c.\presdons (A) and (7^) for three roots 
(1!7'.>) i<t eu,i;p;etit the s.'irne lending iigurcs, which they do, 

2f;3x3 „ , , (V72 „ , „ ,. , .1 

•~5--„-— = .3 + and -~r, — 6 — .3+. Proccodmg by tho 

aid of thcec trial disnsora to develop the roots, as in the exam- 
ples in Art. I'.'tJ, we find the three roots concur in the first 
four figures; at the fourth transformation a discrepancy in the. 
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figures suggested by the two trial expressions ■warns us that 
the roots no longer concur. By tlio loss of one variation, 
when wo try 1 as the trial figure, wo find the root separated is 
tlie smallest of the three, the remaining two wo find concur 
in one figure more, then sepanxte, showing that they too are 
real. 



Ex. 2. 



W + 3912^ + 537Ga;3 — 2344a;5 + 33G2; — 16 = 0. 

7 +391 + 5376 — 2344 + 336- 16 |_1_ 
3;;8 +5774 +3430 +3766 + 3750 

Before tho completion of the first lino of transformation it 
is apparent that all three variations of the proposed will bo lost 
in the transformed equation, thus indicating three roots in the 
interval [0, 1]. To ascertain the situations of the remaining 
roots, we change the sigTis of alternate terms, and proceed 
thus : 

+ 2344 + 336 + 16 

+ 24004 +240376 +2403776 
+ 205C4 +44G01G 
— 970 



—391 


+ 5370 


—321 


+ 2166 


—251 


— 344 


—181 


—2154 


-111 


-3204 


— 41 




ariation 


8 lost ; 1 


- 41 


-3204 


+ 29 


—2974 


+ 99 


—1984 


+ 169 


— 294 


+ 239 


+ 2096 


+ 309 





— 976 +446010 +2403776 
-30716 +138856 +3792336 
_50556 — 36G704 
—53496 



10 



No variations lost ; we transform again 



110 



7 +309 + 2096 - 53496 -366704 +379233? 
379 + 5886 + 6364 —313004 + G61C9G 
449 +10376 +109124 +778176 
519 +155C6 +2G4784 
It was cvidcut before the completion of tho second lino of 
this transformation that all tlie cocCacicnts Avould be positive, 
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Iho loss of two variations Indicating two roots in the interval 
[ — 30, — 30]. But, from a compiirisou of the final term of the 
last transformation with that of the preceding one, the roots 
would appear to lie much nearer to 30 than 20. It was there- 
fore worth whUo.to coinplcto the third line of the transforma^ 
tion so as to obtain the coefficient (J'i : we then find that 

^\ or :=^, = -(1 + ), and also =^ = -(1 + ), 

from which we infer that 30 is greater than both roots by ] +, 
i. e., the roots lie in the interval [—28, —29], which inference 
is verified by trial.* Thus the roots of the proposed equation 
lie, three in the interval [0, 1], two in [—28, —29]. 

In Art. 176 the three roots in the interval [0, 1] wo found 
to concur to three places of decimals, at the fourtli figure one 
separating. The remaining two were found, even by the con- 
tracted process, to concur to seven places of decimals, a fact 
suggestive of the possibility of their being equal. 

Now, by Art. 05, if an equation have two incommensurable 
equal roots, it must have another pair, and bo divisible by a 
quadratic factor having commensurable coefficients. If, there- 
fore, as in this example, besides the p;ilr of roots supposed to 
be equal, auotlier pyir of roots is indicated in another interval, 
these, if the roots are reiilly equal, must be, what may ha 
termed, the conjugates of the Buppo-;ed equal rootn, iind huvo 
their decimal parts the sam'i, if the two pairs are of opposite 
signs, or complementary, if of the same sign ; alio the product 
of a conjugate pair must be integral. Hero we have the sup 
poscd equal roots each = .M21.'J5G. . ; the other pair, if the 
supposition is correct, must each = — 28.1421350..; the 
sum of a pair of these, with changed sign, is 28, tiieir product 
is — 4 upproximativcly. "Wo try whether 3? ■\- 282; — 4 will 
divide the first member of the equation ; as it does so, we know 
that there are two pairs of equal roots. 

• WlH'tmvcr, In the conrr'o of oup pfinrch, wo find a root, or rootff. Indicated In a 
ci'rtnlit Inlorviil, wo mny, as In thin "xniiiplii, ciuiilny ttio corllU'lnilB of that trnnn- 
formallon wtii'jb has the emflUcr Itnal term to giil'lo U4 to tho nezt flK'irp, tbe r*If:n of 
tho eur^c^trd flE^urc Hhowlnr; ivhcthor U i» to be added to the HmaH'-T, or sabtrncted 
fynm the //realiT, of the nninborn h'Hweon wtileh Iho rocl^ nro intjlmted. Kven when 
thu final t-irmft t-liow no decided difT'Tence, tlie nuinl)er[) Hij).;TOrtIed will often bo com- 
plementary, or nearly eo, thiifl ahowins bow far wc may depend on them. 
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Similarly, if r roots a + c5, where tJ is the decimal part, are 
found to concur to so many places of decimals as to render, it 
probable that they arc equal, and tlicre is another interval con- 
taining s possibly equal roots with an integral part b, then if 
{a + 6) {b + 6) = c, an integer, approximativcly, there is prima 
facie evidcuco that sOmc of the roots are equal, in which case 
x^ — {a + i)z + c* will di-vide Oio first member of the equation 
as many times as there arc pairs of conjugate roots. 

Ex. 3. a^ — X* — 15z^ — 53? + SS.r + 51 = 0. 

We proceed as in the preceding examples to ascertain the 
intcn,-al in which roots may lie ; as the method of procedure' 
' has been suOiciently oxmplificd, wo shall give merely the 
results. 



[0]. 




— 1 


— 15 


— 5 


+ 53 


+ 51, 


two variations. 


[!]• 




+ 4 


— 9 


— 4G 


— 1 


+ 81, 


(( (( 


[Z]. 




-1- 9 


+ 17 


— 39 


— 99 


+ ••'3, 


it it 


[3]. 




+ 14 


+ C3 


+ 7G 


— 85 


-78, 


one variation. 


[■!]• 




+ 19 


+ r.';) 


H-3r)9 


+ 317 


- !', 


i< « 



It is evident that the remaining variation will disuppcar in 
tlie next transformivtion ; tbc pasitivo roots are therefore real, 
and lie in the intei-vals [2, 3], [4, 5]. To find the places of 
the negiitive roots, we rhangc the signs of allcriiato terms, and 
proceeding in the usual way, obtain the following results ; 

[0], 1+1 —15 + 5 +53 —51, three variations. 

[1]. 1+6-1 -24 +27 - C, « 

[i]. 1 +11 +33 +19 +5 + 3, no variation. 

We infer from tlie loss of three variaiions that there is, at 
least, one real root in tlie interval [—1, — 2], poBsibly tlircc. 
The fact that two of the roots are imaginary is shown at once 
by the test we are about to establish. 

188. Def. — In Art. CO it was shown that if Cr be the 
coefTicicnt of x/ in an equation f{x) = 0, tlion 

C;' - 2 C, H • <^r-i + 2 C,+ J ■ C,.2 - 3 C,+, ■ C,-3 + &c., 
wilt [Uikon negatively if x' occur ia uii even term in f{x)] 

• Or s' - (a + 6 + Dar + c, when a nnd b have like signs. 
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be tho coefficient of {a^Y in F{r') = 0, the eqiiation that has 
for roots tho sfjuares of tho root^ of f{x) = : this cxprcs- 
uiou, or its numerical yalue, wo shall refer to as a coefficient 
funciion of fix). 

180, Peop. II. — Tlicrc are at least- as many imaginary 
roots 171 an equation f{x) z= Q as there are variations in the 
signs of its coefficient functions. 

For, since F{x'^) = must have as many positive real roots 
aa /(a.) = 6 has real roots, tho numher of real roots iu 
f{x) = cannot be greater than the numlier of variations of 
I'ign in F(x'^), and consequently the number of imaginary 
roots cannot bo less than tho mimbor of permanences of sign 
in F{x-). Now of the coefficient fonclions tho first C'„' and 
tho last C,^ are always positive, so that the n\imbcr of varia- 
tions in the s:;;iis of the v/h.ih scries of functions must be an 
even luinibcr, if any, and iudicalo an crimil iinrnbcr of pcrnin- 
nenees in tlio signs of Fij"^), Binco the vahics of these cxprtv«- 
siuuH, willi Mio ('i,"Ti of caoli nKenialo one rbnn;';iil, nro the 
corllicients of F(j:''-) ; llio nurnlxT of iniJiginary roolM in 
f{x) = cannot, therefore, be less than the number of varia- 
tions in tho signs of llio coi-fiicicnt functions. 

JOO. Cor. — If tl>p square nf any coefficient C, le less than 
Cr^i-Cr-i, the proditcl of the co),liijuous coefficients, a pair of 
imaginary roots is thu>: indicated. 

If f{x) = r/„ X" + ... a,, x'^ ' + o,xf+ C',.,a-' + . . . c; = 0, 

then the (r— 1)'* derived function, when divided by | r— 1 , 

r{r + \) 
will have for it« last three terms -^^— ^C,+iX'+ rC,x + C,.x; 

there will bo a pair of imaginary roots in /r-i(-T) = 0, and 
therefore (88), in f{x) = 0, if 'r^C* < r(r+ 1)6',+,- C',., , or 

C? < -^0,+,-C,.i, and, a fortiori, if C? < C,,,-C,.i. 
r 

This corollary will often be found sufficient to determine the 

characicr of the roi>trt in a doubtful interval ; in a nice case it 

r+ 1 

may be im]X)rt-anl not to neglect tho factor — —, especially 

when r is a small number. • 
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191i Tlio teat provided by the above proposition is so 
simple in its application that a glance at the coefficients of an 
equation "svill often suffice to show that some, if not all, of ita 
roots aro imag-inary. 

Ex. 1, 3^ + z* + z^—2x' + 2x — l =zQ. 

Here the coefficient functions, as found by the rule, are, 
1 — 1 +9 — 2 iO +1, four variations ; 
there are accordingly four imaginary roots in the equation. 

It is obviously not necessary to obtain the actual values as 
vv'e have done in this example, the signs alotio being important. 
The firet and tho last arc always positive, and the rest are 
usually obvious to inspection. 

Ex. 3. x' — 23? — 3x? + ix> — !Jx + Q=:0. 

When, UH in this example, the equation is not complcln, we 
must supply tho place of the absent terms by zeros before 
proceeding to determine tho signs of tho coefficient functiona 

Wo hero obtain the series of signs, -fH \- -\ \-, 

and sec that there arc at least four imaginary roots. 

Ex. 3. 5a;« — Idj? + 43x< — 75xfi + <138.c'— 413j; + 253 = 0. 

From this wo obtain the series of signs, -| 1 \- [■, 

and see that the roots arc all imaginary. 

In tho last example of Art. 187 wo arrived at a transforma- 
tion, 

1 +11 +33 +19 +5 +3, 

where two variations had been lost, tho corollary abovo given 
shows that tho tv.'o roots in the interval are imaginary since 
5^ < 19 X 3, thus completing the analysis of tho equation. 
Having showed that variations in the signs of tho coefficient 
functions indicate imaginary roots, wo bavo now to prove the 
convonso of tliut projJOHiLion. 

102. Pkop. III. — If an equation f{x) =0 have a pair 
of ima'iinarij roots a±Py^ — 1, ihero are certain limits 
X and I", one less than a, the other greater, such that, if (he 
equation be transformed to /{y-\-x') —0, where y is any 
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real quantity between X and ^,* one at least of the coefficient 
functions ivill he nec/al-ivc. 

(1). If f{x) = be transformed into f{a+x') — 0, in the 
latter equation the roots a ± P V— 1 will bo rctlucod to 
±iPV — 1, which roota in F(a. + x'^) = will become a 
pair of negative real roots, — /3', — /J'. These (5") must pro- 
duce a pair of permanences in the signs of the cocdicicnts of 
F(^a-{-z'^), corrcgponding to which must be a pair of yaria- 
tions in the signs of the coefficient functions of /(ct + x'). Ilcuce 
there is a transformed equation .which has at least one negative 
function corresponding to the supposed pair of imaginary roots. 

(2). Supposing f{x) to be of the w'* degree, then 
f{y + x') = C'„ x'^ + A_/„., {y)x'"-^ + ... |/,(y)x'» +f{^)z' +/(y). 
Fonning the cocflicicnt functions according to 188, wo liavo 

a» ; [^/.-.(y) J-3a,-^/„-,(y) ;. . . . [f.{y)]'-A{y)M ; 

Of these functions, which arc all of oven degree, the first 
and last cannot be negative, and of the rest none can become 
negative if all the roots of f{x) =; arc real (189). But, 
if f(x) = have a pair of imaginary roots a ± pV^l, 
it has been proved that w>me ono of these functions, say f/i(,'/)l' 
— /iiy)f{ll)> becomes negative, at least when y = a. Tiiis 
function must therefore become zero for some value of y 
greater than a, aa /i, and aldo, being of even do;,'rce, for Homo 
value A, less than a. Thus, if the roots of f(x) = be 
diminished by any quantity between X and ft, at least one of 
the series of cocflicicnt functions in the transfonncd equation 
will bo negative. 

193. We say, at least ono, for several consecutive functions 
may bo ncf^ativc for the same value of y, and these, in like 
manner, coiitiime negative for values of y between other limits 

* Tho pI^b of Un.*«fl UmllH mny of coqrBO bo different, and oijo of Uio admlselblc 
valoes of V bo 0, BS in tUo eiamplce In Art. 191. 
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[X', ^'], &c. K these negative functions were not consecutive, 
there would be more than one pair of variations, and therefore 
more than one pair of imaginary roots indicated. 

194. B}' considering the subject in the foUowing manner, 
we obtain some insight into the rchitions cxi&ting between tlio 
limits [X, fj,] and the roots a ± (3 V— 1- 

CoiTcspoudlng to a pair of roots a ± p V— 1 in /(z) = 
is a factor a? — 2ax + (a= + (?) in f{x), and a factor 
a4 _ 2 (a= _ i3-^)a? + (a^ + P^y in Fix'). 

As long aa /!• > fP (wlicro a' = a — y), the real part of the 
imaginaiy roots (a'± |3 V— 1)^ in F{y-^x'') =: Q remains 
positive; but, sinco as y iiicri'at'cs in /(y + a^') ~ 0, o' bo- 
comca smaller while /3 remains constant, a"' — /3' first becomes 
negative ; and, wlion y = r, the ftctor in F{;y + x'') = 
becomes r' -)- 'iiiW -[■ fi*, representing, as wo Ikivo seen, a pair 
of real negative roota. As y still increases, a'\ after passing 
through v.vvo, increases till it again nmehea a value at which 
the coeflicient — 2 («^— /j^) no longer causes ])ormanences in 
the sigufl of F[y-{-x'^}. Thus, ua —2{a'^ — fP) is positive 
only when a' hiW a value between + ft and — P, it would 
appear that the dilforence between X and /t must generally 
be somewhat; loss than 2(3, or X and /t lie between a — ft 
and a -\- ft. 

Or, supiKjso F{y + x'~)=<l>{z')[z*-2{a'^-ft''-)!.-> + {a^ + ft:')\] 
■where z = y + x', and </>(«') is the function involving the 
Rquares of the real roots, and of those imaginnry roots within 
whoso liniilti wo shuil first suiiposo y does not here fall. Tlio 
signs of (l'{z') will piTsent a series of variations, say, 

+ - + - + - + -+• 
Now, if in the factor z* -2{a''-P')z'^ + {a"' + P'T; we 
have a'= = ft', the series of sij^ns in that factor will bo 
+ +, and the multiplication by that factor will merely 
add two variations to tiiose of i>{z-), since like signs will come 
under like : thus in this case y = a ±ft does not fall within 
the limits of a±ftV—l. But if the signs of <p{z^) do 
present a pair of pciTOaJiences, let the series of signs bo, 

+ h — H h + +> 
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then tlie multiplication by the factor presenting the scries of 

signs -f H- will produce the series -\ 1 i h ± + + +, 

which may have four ponnancnces: thu s y = a ±/3 may fall 
within the limits of the roots a ± fiV'^, if at the same 
time it bo within the limits of another pair of imaginary 
roots, 

105. Hence, if there bo two pairs of imaginary root?, 
a ± (3 V— 1 and y ± i5 V— 1, then of the four quantiticf, 
a -j9, a + (3, y - (J, r + .5, (1) if a + /? = or < r - rf, the 
two pairs of roots will indical.o their presence by producing 
pairs of variations in the M-^na of tho cocfiicicnt functions of 
different trun.'Tormatiuim : (:-') if Ixith a — fi and a + p lie 
between y — S and y + c5, tlie tvi-o pairs of roots will indicate 
thci" prc^icnco by four variations in the roeiTicierit fiiiH'tinna 
of some OKU tnuiBformation ; this includes tlio caaca wlicre 
a = y, whclhcr /? = (J or not : (3) if o + /? lies be- 
tween y — (J and y + (5, tlu^ two pairs of roots may or 
may not give indication of their presence in the samo trans- 
Ibrmation. 

19G. If tho difTorcnco between A, and ;t bo not less tlian 
unity, whenever, indeed, A. and /i do not both lie between 
consecutive integers, the character of imaginary roots is ciisily 
dctoTTiined. For when in the course of our tranHformationn 
to discover in what intervals roots may lie, wo have narrowed 
down n doubtfid interval to lietwf'i) two consecutive integcTs, 
one or other of tla'so inlegcrs must, in the suppoised ease, fall 
between tho limits, and ono or other of tho tranRformations 
have a m'galive coelllcient function.* AVe sliall (h-nt ilhiHtrate 
this, the more common case, by a few examples, leaving the 
more difficult cases f')r future consideration. 



• Tho fhncllou ^J', (</)]' -/.('/)/(!/) <;<inal''il to r.cro, or ^(v) = 0, ofwhlrli > and ii 
aro rfx>tft, may *k> f^'nr>.[f!i ati a llmitln;,' (.'(jnatlnti to tho real partp of Inia^rlnnry roots 
of /(a:) = 0, just as /,(x) = if to the real Tontn. The flret dcrlvnd fiinction of 
<l'(y) eqmitcd to zc^o, or /,(j'/)/,f//) ~//yl/(l/^ = 0, ina!*t bavo a rfn\ root between 
> and /*. Wo ciALld, Therefore, if thero wcro not cnwler methotI«, alv/jiyi* thnp deter- 
mine a Ts]ue of ij v/blch would mako fiy^x') prej*ent variation" In llio f1^8 of Ita 
cocfflclcnt J'li.uctloQe, If tbo roots In the doubtful interval arc Imaginary. 
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Ex. 1. Let tho equation proposed for analysis be, 

4a,-s — 28a^ — 392^' + 50-ia;3 — 2392; — 1855 = 0. 

Wo SCO that there is p.roba!)ly no root greater thun 10 ; 
wc therefore, transforming succesiively by 1, obtain the follow- 
ing results' : 

[0]. 4 —28 — 39 +504 —239 —1855; three variations. 

[1]. 4 — 8 —111 +259 +500 -1053; « 

[4 4 +12 —103 — 8.'J +733 - 949; '■■ 

[3]. 4 +33 — 15 -279 +323 — 385; " « 

[1]. 4, +53 +153 — 92 —127 — 315; one Taviation. 

Uero t'n-o variations are lost, and since obviously 127 
< 184 X 315, tho roots indicated arc imaginary. The re- 
maining positive root must bo real, and its interval [5, 6] is 
found by finding what number -will make tho final term 
positive. 

To find the inteiTals of tho negative roots, v.c change tho 
signs of alternate terms, and transforming successively by 1, 
obtain the following results : 

[0]. 4 +28 — 30 —504 — 239 +1855; two variations. 

[1]. 4 +48 +113 -413 -1233 +1105; « 

[2]. 4 +C8 +315 +254 —1507 — 375; ono variation. 

The loss of a variation here shows that tho negative roots 
are real, and ono lies in tho interval [-1, —2], Tlio remain- 
ing root is found, as above, to lie in tho interval [—3, —4]. 
The proposed equation has therefore thrco real roots lying 
in tho intervals [-3, -4], [-1, -2], and [5, C], and two 
imaginary roots, tho real part of which is not far from 4. 

Ex. 2. Let the equation proposed for analysis be, 
a;(i _ 62= + 40x3 + COa:' — x — 1 = 0. 

Proceeding as above, we obtain the results ; 
ro] 1 _ 6 + +40 + GO — 1 — 1; three var. 
riV 1 + -15 +' +135 +215 + 93; two var. 
f.,i" I + c + -40 + CO +431 +429; " " 
[3] 1 +12 +45 +40 + 15 +467+887; no var. 
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The loss of a varia;tion indicated a real root in the interval 

[0, 1] ; t?jo loss of two variations in the interval [2, 3] leads 

us to apply ibo test for imaginary roots, and aa, obviously, 

• 15 < 4.0 X 407, the roots indicated are imaginary. To find 

tl)o negative roots, changing altcniato signs, we have: 

[0]. 1 -f 6 + —40 +60 + 1 — 1; three variations, 
[ij. 1 +12+51 +68 +63 +73 +37; no variation. 

Hero three roots are indicated in the interval [0, —1], of ' 
■which one must be real; but, since >J'i^ < 68 x 73, the other 
two must be imaginary. The equation, therefore, has but two 
rcal roots, one iu each uC tho intervals [—1, 0], [0, 1]. 

197. In tho preceding examples tho presence of imaginary 
roots, where tiiey occur, lias been detected with facility, as will 
alv.ays be the case except when ft, tlie coefficient of the imagi- 
nary sign, is so small that the limits [A., fij fall between con- 
scci'tive integers. 

When we aixivc at a doubtful interval between two consecu- 
tive integer,^,"" tliat is, one where tlio coenieicnts of neither 
tninslurniation give indications of imaginary roots, tho roots 
in the interval may bo (1) real roots, equal or nearly equal, in 
which case we can, as .=!li't\vn in (187), by the aid of the proper 
trial expressions, dcicrmino tlicm to any degree of accuracy 
d'-^ircd ; (2) tho rooK or f^nmo even number of them, may bo 
imi'ginary, having /J ewtxll. Now the smaller /3 is, tho more 
closely do tlio imaginary roots approach to being equal real 
roots, and tho proper trial expre.':si()iis will guide to eucccssivo 
figures of the real part of tho roots, till a discrepancy in the 
suggested figures warns ua that cither a group of roots is 
about to Ecijarato, or that we liavc como within the narrow 
limits vvliero tho cocOicicnt functions give indications of tho 
roots being imaginary. In tho case of a doubtful interval, 
therefore, v/e proceed according to the rnlcs in Art. 17G, and 
when n discrepancy in the trial expressions occurs, apply tho 
U-Ti for imagin.iry roots. 

' Ctio t.( whicb, ohvlontOy, tuopt be wlthkt .6 of tho roota, or roaj jwirt of tho 
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Ex. 1. Let tho proposed equation be, 
4x' ~ Gafi — 73^ + Sx* + ISC' — S3j' — a?x — 5 = 0. 

[0]. 4-0-7 + 8+7 -23 -23 - 5; three yar. 
[1].- 4 +33 +41+23 —11 —CO —58 —44; one var. 

Here two variations are lost ; and since 30* < 2(11 x 38 
+ 23 X 44), the roots indicated are imaginary. The remain- 
ing positive root ia of course rca], and its situation is easily 
found. 

To find tho negative rootn, changing tlio signs of nltcmafo 
terms, and proceeding as usual, wo olitiiin, 

[0]. 4 + C— 7— 8+ 7 + 23 —32 +5; four Tar. 
[I]. 4 +31 +113 +187 +1G5 +100 +43 +8; no var. 

Ilcro are four variations lost, and since IGS' < 2(187 x 100 

— 113 X 42), two at least of the roots must be imaginary. 

Whether tho other two are so, evidently depends upon whether 

the real root of /i (3-) = in the intenal separates them. 

. 5x2 ,. ,32 _ _, 

As -;^- = .4o.., and ~ — - = .47.., we may expect the 

roots, if real, to coincide in the two flgnres .46 at least; 
proceeding in the approximation, wo find the roots agree in 
the four figures .4GlC,.and separate at the fifth figure; these 
roots are therefore real. 

Ex. 2. Let the proposed equation be, 

3?~dlx* + 251 8a^'' + 17870a;' + 4G17a; - 82580 = 0. 

Transforming several times by 10, we obtain, 

[0]. 1 -91 +2r)18 + 17870+ 4017- 82580; three var. 

[10]. 1—41— 123 + 48810+ 803417+ 3158500; two var 

[20]. 1 + 9 — 7G2 + 30550 + 1629017 + 159417G0; " " 

[30]. 1+59+ 598 + 23090 + 2107417 + 34814930; no var. 

By the loss of a variation in the interval [0, 10] a real root 
is there indicated ; the" loss of two variations in the interval 
[20, 30] indicates two roots, which, withont subdividing tho 
interval, we see must be imaginary, since 598* < 23090 x59. 
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To find tho situations of the negative roots, wo change 
alternate signs, and, seeing that 8 is a supuHor limit, wo 
transform several times by 1 ; thus wo obtain, 

[0]. 1 + 91 +2518 —17870 + 4017 +82580; two var. 

[].]. 1 + 96 +3893 - 97G0 -23200 +71937; " " 

[3]. 1 +101 +328G - 498 — 33G55 +4196G; « " 

[.I]. 1 +106 +3700 + 997G -24384 +11201; " " ' 

[4]. 1 +111 +4134 +21723 + 7097 + COO; no var. 

The roots indicated in the interval [3, 4] may bo real, as 
ncithor triuiKfurmatiou lias a negative couDic-ieiit function. 
Tho roots, if real, are evidently nearer to 4 than 3 ; as botli 

^09-f^ -^ 3^^ -«"Scst - .10. .. we infer that the 
roots are not far from 3.83... "Wo accordingly, proceeding 
from iho tran.sfonnation by 3, transform first by .8, and again 
by .03, though there is a slight discrepancy in the figures 
suggested by the trial expressions of the transformation by .8, 
the one suggesting .03.., tho other .038... Wc obtain as 
the three right-hand terms in this transformation 19G33.7. ., 
G7.76.., 1.058.., and as obviously C7T7' < 19G33x2, the 
roots indicated are imagiaary, the real part being not far from 
3.83. ., and tho imaginaiy part less than .05 V — !• 

Ex. 3. In the equation, 
!r= + 1755r'+270!r.0.-r' + :43G27502:2-17791875a; + 548437G=0, 

two variations aro lost in tho interval [0, 1]. Hero the trial 

548x2 , 1779 , ,, , r -d i 

expressions -^r/^rrr ^^^ tToi'^ — o "°*'" suggest . G. Frocecd- 
1 4 1 J 1*430 X 3 

ing with the approximation, as on the following page, we find 
the same figures suggested by both expressions in each trans- 
fonnation, till wc have obtained .C129. At the fourth trans- 
formation the trial expressions suggest widely different figures, 
and as obviously 2198" < 1081G8 x 147 X 2, the roots aro 
imaginary, having the real part about .0129, and the imag- 
inary part about .0001 v^l- 

198. When the imagiTiaiy part is very small, as in tliis 
example, wo evidently cannot obtain evidence of tho imaginary 



144 



ALGEBSAICAL EQUATIOIfS. 



o 
o 
o 



+ I 



03 ■* 


« CD 


O 00 


t- C^ 


-d lO 


CO 1-H 


O O 


lO CO 


00 t- 


C< T-t 


^ CTl 


r-1 CO 


t- r-l 


o »o 


o o>. 


lO -^ 


7-H CO 


IC CO 


CO "O 


CO r-l 


r-l T-l 


-i* CO 


T-l i-l 


1 


1 


1 


1 



o CO 


-+i 


-H 


o 


o> 


e 


O C3 


o 


00 


o< 


it — 


-M GO 


o o 


'Ti 


iO 


CO 


o 


CO CO 


o <>* 


i - 


i- 


o 


CJ^ 


O ~>f 


to r-t 


CO 


f-H 


c< 


o 


r-l 00 


t- O 


OO 




I- 


CO 


1-1 00 


CO CO 


-M 


iO 


c:; 


»o 


-i^ la 


— 1 lO 




CO 


c? 


^- 


■O ?--- 


05 >0 


rTi 


i.O 


OO 


■^ 


CO -* 


t- CO 


f-H 


/^ 


CO 


T-H 


M I-( 


I- OO 


. — 1 


CO 


t 




I 


i—t 

1 


1 




1 




1 



CD_CO_ 

CO co" 
lO c 

O? -,-' 

00 O 
CO Oi 



'TO CTt 

T' CO 



05 CO 


CO >o 


•X> r-l 


t- CO 


C< J- 


iO i-~ 


?>• CO 


CO OO 


J:- c-^- 


■^ <7^- 


CO CO 


UO CO 


1 


T^ r-l 
1 



o 
o 
o 
o 



'O 



+ 



CO 


CD 


CO 


-H 
CO 


CO 


CO CO 


O? i> 




H 






» 




o 


o 


o 


o^ 




c> OO 


f- o 


00 I-l 


CT5 -rfj 
CO o 


CO 

CO 


o> 






CJ 


o^ 


-H 


CO 


o 


O^ CO 


en r- 


CO r- 


o? o^ 


00 
-it 


o 


o 


CO' 


CO 


i*_3 


lO -^ 


o ~v 


-H --+1 


c::^ -H 


-il 


o 


CTi 


CO 


>o 


, — 1 


1 — 1 


CO t- 


O Jr- 


CO i- 


i-O lO 


T— 1 


CO 


C 


lO 


CO 


o> 


"t 


CO OJ 


CD C-J 


CO C( 


>— 1 


c? 


c; 


CO 


CO 


to 


o; 


CO 


00 




iO 


lO 


o 


CO 


o 


o 


CO 


'■J3 




-t< 


i-H 


■o 




v^ 


r- 


t- 


t- 




i- 


' - 


t- 




-T< 




-f 




-* 


-)< 


-»< 


r^ 


-f 


•* 


-H 


-r 




■M 




tH 




1-H 


I-l 


r-< 


I—I 


r-1 


IH 


I-l 


rH 



O CO 

o CO 

O CO 

LO to 

-t< o 

O I— I 

+ 



CO T? 

CO r- 

CO CO 
O lO 

lO cp 

r-l r-l 


00 OO 

o o 

c * 

lO »0' 
lO o 

CJ r-l 

<n 


CO -f 

»— 1 lO 

CO CO 

CO r-^ 
C-r 


O 00 
CO »o 
•o t- 


00 CX3 
r-l lO 
CO t- 


CO 00 

I- >o 

o t- 


-+ 00 

CO lO 

r-l iH 


CO r-1 

CO 


CO rH 

CO 



o 


CD 


c> 


id 


>o 


CO 


«0 


lO 


ira 


t- 


!>• 


t- 



-H 


o 


t- 


00 


>Ci 


>o 


t- 


I- 



+ 



FOTJHIEE'S THEOSEIL ' '. 145 

character of the roots till v/o have carried out the approxima- 
tion to so many decimals as will make the r,.>al part o less 
than 13, the coefScient of V— 1. Yet the labor of ascertain- 
ing that a pair of roots is imaginary witli a very small imag- 
inary part is by no means lost. It is of great importance 
to recognize such roots, as we thus see that a very slight 
change in the final coefficient, or in the conditions of the 
problem that led to tho equation, would change these imag- 
inary roots into equal, or nesirly equal, real roots. Tho longer 
the recognition of their imaginary character is delayed, the 
nearer do the imaginary roots approach to being real roots, 
and the more reason in there to rcviHO the data in accordance 
with which the equation was framed. Thus, in tho cubic 
equation, a;' — ttz — 2 . 143257 = 0, if wo employ the ordi- 
naiy approximation tt = 3.1416, we obtain tjirco real roots, 
two nearly equal : but if we employ tho closer approximation 
v = 3.14159, we obtain only one real root, tho other two 
being imaginary with j3 comparatively small. 

199. In point of facilit}-, the method of analysis here pro- 
posed presents obvious advantages over that of Sturm. In tho 
latter method tho difficulty of tho analysis may bo said to 
increase in geometrical ratio with the degree of the equation, 
and the calculation of the functions is equally oporose, whether 
the roots, from their close proximity, are difficult of separa- 
tion, or the reverse. In tlie method hero recommended the 
labor of analysis may bo said to increase only in arithmetical 
progre?.:ion with the degree of the equation, and is, compara- 
tively, but little affected by the magnitude of tho coefficients; 
and the recognition of the character of tlie roots in a given 
interval is delayed only in proportion to the smallncss of the 
quantity (real or imaginary) by which these roots dilfcr. 
There is hero no essential ditference between the analysis and 
the solution of an equation, both being effected by one uni- 
form process consisting of a scries of transformations by 
Horner's Method, in which we first, by transforming over 
wider intervals, ascertain, by the rules established by Fourier's 
Theorem, in what intervals roots may lie ; then, by trans- 
forming over narrower intervals, assisted by tho trial divisors 
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(17C), vo cither miccccd in Ecparating.tho roots,' or find by. 
the criterion cstabliahed in (189) that certain roots are imag- 
inary. 

200. The calculation of imaginary roots may, theoretically, 
be cH'ccted by transforming, by methods given in Chap. .XII, 
the equation in Avhich they occur into others in which the real 
parts, a and (3, occur Bcpurately as real roots, which may then 
be olitained by methods already given. Practically, however, 
when more than one, or at most two, pairs of imaginary roots 
occur in an equation, their calculation is very laborious. For 
some of the methods for detcrminiug such roots see Art. 
212-215. 

EXERCISES. 

Find the real roois of the following equations : 
1. X* + 2ofi — 122;S — X + 2 = 0. 



9, 

10, 



X* + 53^ — 15.i2 — 77a; — 10 = 0. 
o. X* — 4G.t;2 _. 7a; 4- 2 = 0. 
4. x* + 22:» — 123z' + 4782; — 154 = 0. 
6. x* — Ut? — 00z-= — d-2x + 120 = 0. 

6. ar» — ICsr! + 35a; + 8 = 0. 

7. x^ — 7x^ + i3? + 20 = 0. 

8. af^ — ix^ — IG3^ + 40a;» + 80a; + 32 = 0. 
3^ _ I9a:3 ^ 97a;3 + 5Ga; — 105 = 0. 
aJi _ 32x« — IHlzS + 57fi2 = 0. 
2fi _ 37x5 + a;' — 30a; + 5 = 0. 

IZ. a;" — 3CG3a.-' — 7585Ca= + 2580G2z + 792076 = 0. , 
13. '.c^ — Gx* + a^ + 13.r= + 138a; — 315 = 0. 
" 3fi — x* — 20a^' + 43.t2 +2a: — 14 = 0. 

a« 4. 3a;^ _ 72ar' + 43? + 1020a; — 1104 = 0. . ■ 

3^ — 152a:' — 1874a:'=+ 284848 = 0. 

aJ) _ 38.r* — 40.r» + 217a;' + ICOa; — 215 = 0. 

.T« — 12.r» + 9a-< + 109a;' — 34a:9 — 2G7a; — 20 = 0. 

2^1 _ 3.,-^ + 3a:* — 78.t' + lC5a;« — ICSa; + 1265 = 0. 

a;« + a;* + 737* — Ca; + C = 0. 



11. 3fi 

12. P^ 



14. 

15. 
16. 
17. 
18. 
10. 
20. 
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CHAPTER XI. 

CUBIC EQUATIONS. 

201. A cubic equation, being of odd degree, has always 
a real root of sign contrary to that of the final term (11) ; the 
leading figure of a root of a cubic can thus be always ascer- 
tained by tiyicg which is the least number that ■will cause the 
final term to change sign. Then, having calculated the root 
to whicli this number is an imnicdiatc-ly superior limit, we can 
in various ways determine the remaining roots. This manner 
of proceeding may, lunvever, nn('<i" certain cireumntancc8 
prove more laborious than is noccisury, and the determination 
of the remaining root's is not so easily effected as in the 
method of procedure about to be explained, by which the ten- 
tative character of the usual method is avoided, and the roots 
obtained with a niiiiluuim of Ciilculation. 

203. As in AH,. 122, lot the roots Xi, Xj, x,, o^ ci^ + qx 
-j- r r= 0, bo 2a, —(a-\-(3), {—a—0), in order of numerical 
value, and, as before, writing the coefficients in terms of the 
nx)ts, wo have, 

27^ „ (3a2 + (P)x — (2a' — 2afP) = 0. 

Hence 3a« + (J^= —r/; 

4a' = — q, when /? = o, i. e., when one root is in- 

delinilely small, 
and 2o = V—q, the smallest possible value of Zi, 

the sign of V— q being talton contniry to 
that of r. 
Again, as 3a'-J-|3'= — q, 

3a' z= — q, when i3 = 0, i. e., when there arc 
two equal roots, 
and 2a = V— iq, the greatest possible value of r,, 

when the roots are all real. 
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Agam, as 3a'+j3' — —q, 

3a^~y = —q, -when |3 = 7 */— 1, i. e., •when tliere 
aro two imagiimry root?, 
and 2(1 > V--i'J, eiaco lia> y. — q, lu this hat 

case, if y^ = or.> 3a', tlifu q is zero or positive, and wo bco 
hy inspection that thoro aro imaginary roots. 

llciico, if all the roots arc real, the numerically greatest 
must lie between the limits V — <1 and V-—\'j, with the sign 
of —r; also, einco the superior limit "/— -37 is equal to the 
inferior limit V — q multiplied by V~i, ■n'hich equals Vi^i 
or -J nearly, the inferior limit diT'-TS from tlic superior by Ic-s 
than ^ of the hitter. Therefore, if ^\^o add one-third of itself 
to — q, flio leading figure of the squtiro root of the sum ivill 
bo cither the first figure of a;,, or may bo a unit too great,* 
if the roots are all real. 

203. Again, since 

~r = 2a,'> — 2a(P, 
.'. -v^— 4r = \/8afl—8a[i> < 2a when /3 is real, 

= 2a when ft = 0, 
> 2a when (3 =: yv/ — 1. 

Comparing these with tho results of the preceding article, 
wo find that \A— Jy >, =, or < ^/^^r, according as the 
roots are all real and nnequal, tliere aro two equal roots, or 
there nro two imaginary roots , so that in every ca^o Xi lies 
between V^— Iq and V' — ir, both having the sign of tho 
latter. We are now prepared to state the following rule : 

Given an eqv.ation a? + qx + r = d, ivJicre q is ner/aiive, 
wc determine by i-n^pcction (he leading figures of V — ^r/ and 
■iT—ir, talcing bolh with (ho sign of the lallcr, then (1), if the 
first figurr. thus found is greater than the second, the roots 
arc all real and unequal and tho first figure is cither the 
leading figure of Xi or may he a unit too great ; (2), if the 
first figure is less than the second, there am two imaginarg 

• In compnrativi'Ij' rare coses Ihc IcafllnR flffnrc of V—\q may I)o ppatcr than 
tbo k:'-'Hn,^ fijpiro of 3*. by t\vo iinltH, nn wbcn — 7 Iw rlo^.o on n pqnare jinmhcr, aod 
»t the cniuo Umo Iho equation liui ono root very tmall a» comiirircd wltU lUc oLliors. 
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roots, and the leading figure of Xy is not greater than the lead- 
ing figure ofi V— 4r ; (3), if both figures arc equal, we have 
in each the leading figure of r,, but the remaining roots are 
doubtful. Hc'o foot of piigo 59. 

Ex. 1. a? — 51a; — C2 = 0. 

Ilcre, adding one-third of itself to CI wo have C8, and 
63 X 4 = 248 ; -sve see by inspection that -v/CS = 8 + and 
V^XSS = 6 +, tho roots aro therefore all real and unequal, 
and the leading figure of k, is 8 or 7. 

Ex. 2. a? — 65a; -f 31G = 0. 

Here V— f? = — + , and ^/'^^^r = — 10-f-, there aro 
therefore two imaginary roots, and the leading figure of X\ is 
— 10, or — 9. 

Ex. 3. x^ — 2778a; — 50429 = 0. 

Ilero V—^q = CO +, and v'— 4r z= CO +, tho leading 
figure of Ti K oerliiinly CO; the remaining roola aro donhtful. 
If it is desirable to ascertain their character without solving 
the equation, this may easily bo effected by comparing 27?^ 
and 4,q^. 

204.. Wo are in this way able to dctormino the leading 
figure of Xi within very narrow limits. This root is also tho 
most convenient for calculation, as there is no other of tho 
Bumo sif,'ii ; it altx) ilKfors from the otlic-s by 3a i ft, that is, 
by at least its own value, so that tho trial divisors will bo 
found quite as eObctivo in guiding us to tho Rccond and suc- 
ceeding figures of the root as they are in the operation for the 
cube root, whioh, as before mentioned, is but the solution of a 
cubic of tlio form a:* -]- r = 0. 

205. "Wlicn Xi has been found, wo may, if it is commcn- 
iturablc, depresa tho equation to a quadratic and thus find 
i.rj, a".v In few cases, howcvc^r, will the root bo commenBur- 
able; it will therefore be found most convenient, after approxi- 
mating to Xi to six or seven decimals, to calculate the remain- 
ing roots by one of the fonnul.'u doluccd as follows: 
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Since 3a.^ + (3^ ==. — q, .: = ± V— y — 3a', hence 



_ (a ± ,3) = - ^ ± v'r7z:i3;.2. 

Or, since 2o(o»— /P) = — r, and da'+lP = — g', we obtain 

= a:, or x^. 

Ej. 1. a? — 7a: — 7 = 0. 

Hero adding one-tbird of itself to 7, and multiplying 7 by 4, . 
v/O obtain 9+ and 28, the square root of the first and the 
cube root of tho second both begin with 3, which must there- 
fore bo tho leading figure of a;,. For comparison v,'c place, on 
the following page, side by side, the approximation to a:, of 
this equation, and the extractioa of tho cube root of ;'8. 34242], 
which is tho cube of Xi. 

It will be obt'crved that some modifications have been intro- 
duced into the process for the calculation of a;,, which is thus 
rendered strictly analogous to that usually employed for tho 
(extraction of the cube root Tims, after completing the right- 
hand column by the addition of three ciphers,* we complete 
tlio second column by adding the square of tho figure lust 
found to the two rows of figures above, and then appending 
two ciphers; the left-hand column wo complete by adding 
twice tho figure last found, and append one ciplier. The 
contraction is performed as usual, according to tho rales 
in (170). 

To find tho roots Xj, Xj, we shall employ tho second for- 
mula, thus, 

a:, and a^ = - i (3.0489173 ± ^JtZ^?}--^ 

= -|(. 30489173 ± V .33512.53) 
= —1.093021.. and —1.350890... 



• Or by hrlnRliii; 'Viwn (liico ilco.lmol fljfurcs, If Uicro arc miy, to tho r'fht of Oio 
liilcer, as In tho culjo root opor.itloD. 
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Ex. 3. 



AMEBRAIOAL EQUATJOKa. 

aJ> _ 25.r + 148 = 0. 



Hero 25 xi = 33 + , and — 148 x4 = —502 ; tho square 
root of tlio first is — 5 + , tho cube root of tho second is 
— 8 + ; th.cro arc thorcforo imaginaiy roots, and Cardan's 
Formula could be employed to find Xi. It is obvious, however, 
that the compact process above exemplified will give the root 
with much less numerical labor. The leading figure of Xi 
must lio between — 5 and — 8 ; upon trial, it is found to be 
0, wo then proceed ns follows, first changing tho Kign of tho 
final terra, so as to make Xy positive : 
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Changing the sign of the root thus found, we have 
a; _ _ 6.S312004. The imaginary roots, if desired, may be 
obtained by one of tho formulai above given. 
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. Ex. 3. 'ia? — 443a; — 1396 = 0. 

Here wo muBfc divide the coefficients by 7 and proceed as in 

1.1, • 1 it- 443 4 • ., , 139C 

the preTious examples; thus -^ x -^ = 84+, and —f— x 4 

to it 

= 797 + ; as the square root of 84 and the cnbe root of 797 
both begin with 9, this must be the leading figure of Xi . 

Ex. 4. afi + 56z — 181 = 0. 

Ilcro wo SCO at once that two roots aro imaginary, but can 
apply the rules for limits given in (75, 70). By the latter 

-vs" + 1 is a superior limit ; the root proves to be 2.82. .. 

o i 

Ex. 5. 3^ — lla~> — 1022 — 181 = 0. 

In order to mate tho second coefficient divisible by 3, we 
multiply the roots by 3 (59) ; wc thus obtain, 

f _ 33 f _ 918y — 4887 = 0. 

We proceed to diminish the roots by 11, and obtain, 

^3 ^ - 1281« - 17647 = 0. 

As Vl^Sl X f and 'V^17047 x 4 both begin with 40, we 
proceed to calculate Zi with 40 a.s leading figure and obtain 
41 .3379409. For the remaining roots we have, 

^, ^ = - i(41.3279409 ± y^l281 - ^g^) 

— — 20.G9G039G, —20.6319072. 

Adding 11 to each of these roots, and dividing by 3, we 
obtain tho roots of the proposed equation, 

Xi = 17.4420489, x^ = -3.2100357, iCj = —3.2320132. 

EXERCISESv 

Solve the following equations : ' 

1. a;' — 3x — 1 = 0. i. a^ — 51x — 68 = 0. 

2. arJ — G3a; — 9 = 0. 5. a;* — 7a; -f 6 = 0. 

3. a;» — 51a; — 02 = a C. a;* — 6a; + 3 = 0. 
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1. ^ — 372: — 151 = 0. 

8. ars — 9a; + 5 = 0. 

9. z* — 78x — 150 = 0. 

10. y? — 87.e + 13 = 0. 

11. a:8 _ 432; — 4532 = 0. 

12. ^ — 88a; — 251 = 0. 

13. «« — 8a; + 35 = 0. 

14. a« — 93a; — 15 = 0. 
15.' a;« — 5Ca; + 7 = 0. 

16. ■ 2;' — 29x + 54 = 0. 

17. a;8 — 25a: — 148 = 0. 

18. a;s — 31a; + 45 = 0. 

19. 2:8 _ 15a; _ 2 = 0. 

20. a:« — 10a; — 13 = 0. 

21. a:s — 71a; — 85 = 0. 

22. aJ> — 17a; — 23 = 0. 

23. ^ — 23a; + 35 = 0. 

24. 2:8 — 702; — 8 = 0. 

25. 2)5 — 43a; — 6 = 0. 
20. 7? — %Zx — h\= 0. 

27. ar^ — 882; — 251 = 0. 

28. vfi — 57a; — 1205 =: 0. 



29. a^» — C5a: + 987 = 0. 
30. . a:3_ 1082; — 431 = 0. 

31. x' — 132a; — 443 = 0. 

32. ar! — 12a: -f 17 = 0. 

33. 7? — 172z + 342 = 0. 

34. s^ — 149a; — 500 = 0, 

35. a? — 18'ia; — 2G9 = 0. 

36. a? — 45Ga: + 789 = 0, 

37. a:8 — 73a; — 2G8 = 0. 

38. 2;' — 345:^ — 678 = 0. 

39. afl — 234a; — 507 = 0. 

40. x^ — 91a; — 331 = 0. 

41. a? — 1232: + 649 = 0. 

42. u? — 1232; — 450 = 0. 

43. ofi — 6782; — 901 = 0. 

44. a-» — 507a; — 80O = 0. 

45. 3? — 2342; — 3034 = 0. 

46. a? — 3082: + 6531 = 0. 

47. a? — 547a; — 4934 = 0. 

48. x^ — 8902; — 423 = 0. 

49. 3? — 'k^C,x — ZZni = Q. 

50. a:3 ~ 4322; + 3567 = 0. 



51. .I* — 302;= + 27a; — 58 = 0. 

52. a,-' - Sg.i' + 11352; — 7137 = 0, 

53. 3? + 2G2;' + 2022; + 808 = 0. 

54. x^ _ 492;' + G58a; — 1379 = 0. 

55. 42:8 _ 18023 + 18963; — 457 = 0. 
50. 272:8 + 27a;^ _ i80-.s + 127 = 0. 

57. 5122:8 + 1922? _ 10728X + 9409 = 0. 

58. 52:8 4. 124. 22:^ — 338.0052; - 18006.379 = 0. 

59. 132:8 _ 120:^2 + 3262; - 127 = 0. 

60. 42:8 _ 240^-2 + 39962; — 14937 = 0. 
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CHAPTER XII. 

BTMMETEICAL FUNOTIOKS OF THE BOOTS. 

206. A symmetrical function of the roots of an equation 
is an expression in -wliicli the roots are similarly involved, so 
that the function is not altered if any of tho roots be inter- 
changed. Tims the coefficients of an equation are symmetrical 
functions of the roots, since (45) in the equation 

a;" + C„.r.x"-'- + C„.22r'-= + . . . . (7,z + C„ = 

— C^x ~ «! + 02 + ff3 + a„, 

— C„.i = aia^Oi + Oiazat + «„-2«„-i«„, 

and so on. These are symmetrical functions ; since however 
"we may interchange the roots, the function is not altered. 
Wo propose in tho present chapter to show that by means of 
the above elementary functions, given by tho coefficients of 
llic equation, ■wo c;m obtain any rational eymmetrical function 
of tlie roots of an equation in terms of its cocliicicuts. 

307. A function, 

«i" + 02"" + a.r + . . . . «„", 

in which each term involves only one of the roots, is said to be 
of tho Jirs( order. 
A function, 

arcii' + aroi" + oj^aj' + . . . . fln.ra,'. ., 

which contains every permutation of tho roots taken two at a 
time, with m as the exponent of tho first and p of the second, 
is said to be of the second order, and is usually denoted by 
2 tti'ai^, as being tho sum of all tho terms that can bo formed 
like Oi^aiK 
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A function, 

ai^a^ra,? + aides'" a** + o-rth'a?^ + , 

which contains cTcry permntation of the roots taken three at 
a time, with in as tiio exponent of the first, p of the second, 
and q as tlie third, is said to be of the third order, and is 
denoted by 2ai"'«-/a3«. For functions of the fourth and 
higher orders symbols of similar form may be employed. 

The funcLion of the first order, which is the sum of the m"^ 
powers of the roots, might in like manner he denoted by 
Sfli"', but is usually denoted simply by 8^, as in the following 
proposition containing Newton's Theorem for obtaining the 
functions of the first order, 

208. To express tlie sumofiJie m"" poivers of the roots in 
terms of the coefficients and inferior powers. 

Let Pi, a,, cTj, . . . . a„ denote the roots of the equation 

f{z) =z a^ + C„.,x"-' + C„.2a^-^ + . . . . Cis; + Ca = 0, 

also 8l = «t + fl2 + ^3 + «nj 

S.;, = fll' + Kj' + ffa' + • • ■ «»^ 

>S„, = tti" + flj" + fla" + «-."*. 

By Art. 02 we have 

Each of the divisions here indicated can be performed ex- 
actly by Art. 19, the quotient being the equation depressed by 
division by one of its binomial factors ; thus wo have, 

-ZM- = sc-i + (a, + C,-i)a^-= + {ai + C„-i ai + C„-.,)^-' + • • • • 

■^ ~ "' + (ai"- + <7„-i ar ' + C„-2 a"*-^ . . . C„.„)a;"-"-' + . . 

I^ = 2-' + («2 + C,-,).^"-' + K + '^n-i (h 4- C„.2)z"-' + . . . . 

^~"'' + {or H- C»-i cj"*-' + C.-2 a^= + . . . C„^)z"-"-' + . . 

fix) f(x) 
with similar results for ^^-^, ^^^, &c 
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Honco, by the addition of these n quotiouts, wo havo 

+ {S„, + C„.,S.^i + 0^28^.2 +...n C„.„)a^-' +. . . 

But, by Art. 7, we have also, 

/i (a;) = ««"-» + {n-1) C„.i af^+{n-2) C',-jaf-'+ .... 

+ (w-m)C„.„ar-'»-'+ .... 

Equating the coefficients of corresponding terms in these 
identical expressions, we have, 

Si + nC„., = (m— 1)C„.,, or S: + C„., = 0. 

Si + C„.,S, + nO„., = («-2)CU, or S,+ C„.iSi + 2C..i = 0. 

Si + C,.iS,-\-C„.iS,+nC^ = («-3)C„.3, or 

Si + C„_i5i+C'„.,.V, + 3C„-j = 0. 

S„ + C„-i6'„..i+ C^2^„.2+ • . C„_,„.i6', + «C^„ = {n-m)C„^, or 
S^ + C„-,<S'„.i+ C„.5»S'„.2+ . . C„.„.rSi + mC„.„ = 0. 

This lust formula gives »S'„, the sum of the wi** powers of 
the roots, in terms of the coeCBcicnts and inferior powers of 
the roots. Thus having Si , we can find Sj, and then iS'3, and 
so on, till we reach »S^„, where m is Icfs than n. 

The process may bo extended so as to obtain S„, where m 
is not less than n, as follows : 

Multiplying the given equation by x""", wo have 

x" + C„.i3f"-^ + (7„.;a:'"-' + C^x'"-" = 0. 

In this substituting in succession «], a2, a^, . . .. a„, for x, 
and adding the results, wo obtain 

Sm + C'„_i S„-i + C„-iSm-i + . . . . Co'5„_n. 

Hence, making m z= 7i, n + 1, n + 2, &c., in succession, 
wc find, observing that Sf, = Oi" + a-j" + o," = n, 

S„ + C'„-i S„.i + C^.tS„,2 + .... nCo =0, 

S„+l + <7„_i iS'n + C„.2 jS^„.i + • • • • CI, iS'l =: 0, 

and so on till we obtain S,n , where m may be of any magni- 
tude. 
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Ex. To find Si, the sum of the sixth powers of the roots of 

x* — 'Zsfi — 5x^ + 7x — 3 z= 0. 

Here ~Ci = 2. - (7j = 5, _ C, = - 7, - Ci = 3. 

S, = - C, = 2. 

Sj — — Q8i — SCj = 4 + 10 — 14. 

,% z= -C3S1- Ci,V, _ 3C, = 28 + 10 -. 31 =: 17. 

S^ = -Cj.S'.-a^.-C^'i— iC, = 34+70-l.l + -l3r=102. 

,S; = - (73 S,- Cj (S-j- C, y^a- Co S, - 204 + 85 -98 + 6 = 197. 

Se =. — Ca^S's-Cifi'i— Ci^S'a— C„^,=394 + 510-110+42=837. 

Thus the sura of the sixth ]X)wcrs of the roots is 827 ; the 

sums of higher powers can bo found by coiitinuiiig the process. 

To find the sums of the negative pov.'ors of the roots we put 

— for x, that is, transform the equation into the equation 

inToIving the reciprocals of the roots (64), and apply the for- 
mula) as above. 

200. A very convenient proccra for finding the Eums of 
the powers of the roots may be deduced as foliov/s : 

Since A{^) = --^^ + -•^^- + -^^ + .... 
• ?/'i^J - _£— J- -J!— J- _?__ + , 

f(xj a: — «! x — Ot a; — (7-j 

= ('-r-^('-r+('-r+- 

That is, if wo multiply /i (x) by x, and divide by f{x) the 
coefficients of the quotient will be in their order S„, 6\, Si, 

S„. Thus, in the example of the iiroccding article, if v;c 

divide 4:X* — Gx^ — lOar* + 7x by x^ — 27^ — r,x^ -j- 7x — 3, 
we obtain in succession, as the cocfucicnts of the quotient, 
4, 2, 11, 17, 103, &c. 

3.10. From the equations iil (208), expressing the sums of 
the powers of the roots in tcrmg of the cocfScients, we can 
obtain expressions for the coefficients in terms of Si, Si, S3, 
Ac; tbuH, 
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C^= -'^{S,+ C^, Sr.X + .... 0„^,S{). 

2;il. Any rational symmetrical fimcHon of the rook of aw 
equation can Ic cxjircsscd in terms of the cocjjicicnts and 
functions of lower order. 

i'Lrst, to find the value of 'S.a^^a^,', the function of the sec- 
ond order. 

Since S„ — ai-" + oj*" + aj"- + ar + 

S, = a,P + o^p + a-j" + ai'+ .... 

by multiplication we obtain, 

8„ S„ = «,"■■*" + efj'"^'' + %"'+'' + ar"*' + . * . . 

that is, 
S^ ^;, = S,n+p + S a," fla", or 1 ar a/ = /S„ 5^ - iSf,„+, . [1]. 

Next, to find the value of 2 «,'" n'j'' ^,^5^ the function of the 
third order, wo multijily together tiie equations 

Sg — ci« +«,' +«/ +a,' +.... 

and obtain a result consisting of three partial products : 

(1) the sura of the products of the form 

«,"'+' ffjP = 2ai"+«aj'', ■ 
- (2) the sum of the products of the form 

a if" ■'a/' = ^ai'^^ai", 
(3) the sum cf the products of the form 

a^'a^'^a^ — 'Za^a-i^a^; 
thus, 

Substituting for Iffi^a/, Sci^^'cj'', and Zai^^''ar their 
values obtained by formula [1], wo havo 

1 «i'" <r, " a," c.- ,S'„ ,% ,% - ,V,„ , , ,s; _ .%, „ .V„ -h 2<^„ , p n . [2]. 
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By proceeding in a similar manner wo can. obtain foniiiilaj 
for functions of tho fourth and higher orders expressed in 
terms of tlie sums of the powers of tho roots ; and aa theso 
(208) can bo expressed, by integral functions of the coefliciciita, 

any rational symmetrical function Zflf'aj' fm can bo 

expressed liy integral functions of the cocQicient?. 

Thcso are called tho elcmculury symmetrical functions; 
and, as it is by the combination of these that every complex, 
rational, and symmetrical function is formed, it follows that 
the value of every rational symmetrical function of the roots 
can bo expressed by the coefllcicnts of the equation. 

212. Tho formulio obtained above, where the exponents 
m, p, q, &.C., were ivsumcd t6 bo unequal, must bo modified 
if we suppose any of the exponents to be equal. Thus, if 
in =-. p in tho formula 

since then ai"'^^'' = «i'' <^z", tt\e terms in S a{"a2'' become equal, 
two and two, and Xui'^a," becomes 2X{aiCh)''\ therefore, in 
this case. 

Similarly, if, in la^^njPaJ', m z= p, wo liavo 
2 (ffi aj)'"ff3« = i (*S^J S, — S^^ S, — 28^^., S„ + 2(^2„+,) ; 
and 'd m = p = q, Sai^Oj^a,"' becomes 2-dX{aia2ai)"'; or 

213. By means of the theory of symmetrical functions we 
are able to transform an equation into another tho roots of 
which shall be given functions of thoso of the proposed equa- 
tion. The following transformation, having, at one time, been 
proposed as a mean of separating the roots of an equation, is 
of some interest. 

lit.'i' To iraw^form an equation into anothtir whose roots 
are ilf squares of the differences of the roota of Ike proposal 
equation. 
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Let fli, Oi, rt3 5 o„, be the roots of the proposed equa- 
tion, thea the roota of the required transformed equation 
will be 

(a, — iiiY, («! — a,)', (oj — Uif, &o. 

and Tnll be in number -Jw («— 1), the possible number of dif- 
ferent combinations of n tbinga taken two at a time. The 
deijrco of t!io transformed equation will therefore bo ^n{n—l) 
=■ m suppose. 
Let y" + qiy^-^ + g2]r-' + . • ■ . q^ = 

be the transformed equation, and s,, $2, s, denote the 

sums of tlio firat, second, r^ powers of its roota. "When 

we bavo detennined the values of these sums of the powers 
we c.-i?i obtain tho coofricicnts, since (210) y, = — s, , 
qz = — i (fj + qi-'^i), &c. ; it remains therefore to find a gen- 
<'ni! o\jiri:sjioti for any siun iia 8,. 

JiCt &\, S-ji, Sn, denote, as before, tho sums of the 

powcre of the roots of the proposed equation, then 

(x - a,Y' + {x- a^y + {x- aif' + . . . . (x - «„)'' 

= «3?- - 2r;?ix''-' + — ^~"=^ -S'.a:^'-^^ -F . . . . 5i,. 

In the first member of tlic above equation, when wo put ax 
for T, wo obtain tlvo sum of the r"' powers of the sfjuares of tho 
diiTorences in which Ci como:; first ; when we put a^, for x, we 
obtain, the sum of tlio /''' jvowcrs of the squares of tho difFcr- 
ences in which a^ comes first, and so on ; if therefore we 
put rti, (\~_, ff.,,....a„, in wicccs.sion for x, and add all the 
results, wo obtain 

2«, = nS^ - 2rS, S,r-i + — 1^~ S, S,..2 -....nS^r- 

The terms to. the right hand that are equidistant from the 
beginning and end are equal; collecting and dividing by 3, 
we have 

a, - nl-kr - 2r'.^,,/S'j,,., -f- -l^r:!) S-A^^ + • . . . 
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To obtain the required transforniation, v/e cccordinglj Srst 
find Si, S,, Si,.... by (208) from tho coefficicuts'of the 
proposed equation ; we then, by mcana of tho formula just 
given, Cad in successiou »i, s^, . . . , .?,„ ; and, finally, by means 
of the forrauloa gf, = — Si, q^ z= ~ -3 (sj + ^i s,), &c., obtain 
the co(,'Ilicicuts of tho required equation. 

Tho impracticable nature of a method of tinalysis requiring; 
as a mere preliminary to the separation of the roots of an 
equation of the sixth degree, tho calculation of fifteen coefPi- 
cients through these three stages, is self-evident. 

215. The theory of symmetrical functions may also be 
applied to the elimination of ono of the unlvaoivn quantities 
between two simultaneous equations. Soo Art. 237. 

21CJ. Tho sums of the powers of tho roots may be advan- 
tngcously employed in certain cases to obtain an approximation 
to tho roots of an equation.* 

Lot Ui, tti, ff.i. denote tho roots of an equation in de- 
scending order of magnitude, then wo have 

i?"L< _ ffr+' + ff-i^+' + fla^ ^M----- 

S" "~ ar ■\-a{' +"ar +•••• 



= «l" 



'-(sr +(sr -■ 



Now Iho fractions (-')"' , {-/T > ^^■' "'">' ^° "^'^'^'^ "^ 

small as we like by taking m large enough. —^ is therefore 

an approximation to tho gi-catcst real root «fi, provided that 
it bo greater than the modulus of any imaginary pair, the 
iipririixiinulion becoming cloHer na in iucveasca 

217. I^'^t ''" thcro bo a pair of imnginarj- roots whoso 
inoduhis is greater tlian tho greatest real ruot, Vr-o cannot ob- 

* Till" wnfi f'r'l i>n('K"'l(vl hy Nowlon, nnd w«n fiiriher <Ic-7dopc<l bj LngronKO. 
Tho suUJccl will b« found very fully treated In Hurphy'e Eqnutlone. 



8XMMETUI0AL FUNCTIONS OF THE BOOTS. 103 

tain an approximation to that root as above. For (Trig.) these 
imaginary roots may be put under tlie form ju(co8 ± sin Oi/~i), 
where fi is the modulus ; tlicn 



IS' ~ ^' 



(?)■■ +(?)■ 



2cosm0 + -= + -^ + 



'S'm+i-f-(S„ therefore approximates to /< • — "- ■— , which 

may have any value. 

218. Again, if the two greatest roots, a-i, a^, are real, 

s. = (ar+cr) (i + -/f -, + ^;^„ + ....); 

if Gi and ^2 are imaginary, tlicn 

.. = ..[.cos» +(*)-+ (If +]. 

In cither case, therefore, we have 

S„ — ffr + (/.;"' , Tioiirly, when m is taken largo onongh. 
-S'^+i = ar+' + a-r^ \ nearly, 
S„+2= ar+-+ 02"'+^ nearly, 

each equation being more nearly true than the preceding one ; 

•■• 'S-^ -S'„,+2-*S'„^,i = (a, a,)" (a.-ffj)' = M„, 

-S'„4.i'S'„+3-^„^3' = (o,a2)'"+'(a.-a2)' = m™+i; 

.-. — "- = ai«2, approximutlvely. 

That is, if from every three terms of the Bcries iS"], S2, Sj, &c, 
another series 2m,„ be formed by tiubtnicting the square of tho 
means from the ])rodnct of the cxtromcn, tho riuotients ob- 
LuinL'd by dividing cacli term oC tliia now Hi-rir.^ by tJio t<>i!u 
that precedes it, approximate more and more nearly to tho 
producl. of tho I-ho jrnnil !'!;(■ rootH, If t)io two grciilc/it nxiin 
are real, then the greater being known by (!ilC), tlio second 
becomes known by this procl•s^s. If they are imaginary, vro 
can proceed to Cud their sum as follows. 
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219. As in the preceding case, we can find from the values 
of S„, S,„i.u 6',„+2, &c., that 

SmS„+i — ;S'„+i S„,+2 — a,"'a2'"(«i+a2)(ffi-fl2)' nearly, =z v^ say. 

Dividing Ihis by u„, wc obtain ai + «3 nearly; tln'.t is, if 
from every four terms of the series Si, Si, iS^, .... another 
scries S i',„ bo formed by subtracting the product of the means 
from the product of the extremes, then the quotients obtained 
by dividing each term of this scries by the corresponding term 
of the scries S k„ approach more and more nearly to the sum 
of the tvvo greatest roots. 

The sum and the product of two imaginary roots having 
been found in this way, each can then be determined by a 
quadratic. 

Ex. 3^ — o^ + ix' + x — 'L = 0. 

XS„=l,-7,-U, 20, 96,-34,-503,-347, 3083,3838,-0159. 
5;«„=:-63,-399,-2185,-10202,-49444,-241211,-1108158. 
2 1.„= -69,-2GG,-2308,-11323,-50414,-2453G3,-1207713. 

The first scries being divergent shows that the roots 
tti, (h "'"0 imaginary. From the second series wo obtain 

Oitti = .Ttioii — ^-84; from tho second and third we 

24U11 j2Q„i3 . .„ ,, 

have oi + (h = u^,ki58 ~ ^■^^' *"^ ^°°*'^ "i' ^ °''^^> 
therefore, i (1 . 03 ± 4 . 3 V^^)- 

For the purpose of calculating real roots this method is 
obviously too laborious if we niiu at acmnicy to hcvithI i)hioo9 
of decimals; but in Kome cases this apj^ars to bo tho most 
convcuiont process yet projxiscd for npproxinuUin.;;): to tlio real 
and imuginury parlu of inipoasiWo roots. 

S30. If an equation of any degree has only two ima^nary 
roots, tliey can easily be determined, if required, in the Ibllow- 
ino- manner, which may bo advantageously employed to deter- 
mine the remaining roots of any equation when all but two 
have been calculated. 

Let f, and /c„ denote respectively the sum and product of 
the ascertained values of all the roots but two, and fj and ft 
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the Bum and product of tho rcmaioing two; then (45) 
ii = — (C^i + «,)j ai^tl 4 = (— l)''C'o-^-«in; the two roots, there- 
fore, can be obtained from the formula, a; = ^ (<i±V<i'— 44)- 

Ex. 1. In tbo equation already given, 

x* — 7? + Ax> + X — 4, = Q, 

we see at once (180), since 1 — 4x2 is ncgutive, that there 
are two imaginary roots, and the final sign being negative, the 
other two are real, one of each sign. By Ilomer'a Method ' 
the values of these roots, .802.'332.. and —.923203.., arc 
calculated accurately to six places of decimals with leas labor 
than is required to obtain Die first Bcrics ZS„.' The sum of 
these roots is —.03103, therefore ii = 1.03103; the product 
of j;he above roots is — .823705 ; dividing tho final term — 4 
by this, we obtain fz = 4.855703. . ; hence we obtain for the 
roots i(l. 03103.. ± 4.28)857. .\/^). One advantage in 
obtaining tbo last two roots in this nuuintT ie that wo are 
enabled to perform much of tho calculation by logarithms. 

Ex. 2. In the equation, 

a? + 1732:« + 235r:£-> + lOiCSr' — 14101a; + 4183 = 0, 

there is a pair of imaginary roots. The sum of the real 
roots is found to bo —157.438702.., hence h = (—173 
+ 157.438702) = — 15.501297. .. The product of the real 
roots is —49.9555..; dividing —4183 by this, we obtain 
ti = 83.73454. . ; hence we find the roots to bo —7.780048 
± ■>/— 23.19"C07. 

?i'il. K all tiio roots of un equation of tho fourth dt'gix'o 
arc imaginary, wo can always obtain their values by means of 
Po.M'arti'^" nduriug cubic (129). If, llion, iin cquiition tif any 
degree has only four imaginary rootri, wo can, after obtaining 
the real root's, depress it to a biquadratic, and then obtain tlio 
imaginary roots. Unlc-'s, therefore, an equation has as many 
as six imaginary roots, wo can doprcps the equation to one 
capable of algebraical solution, and thus obtain tho values of 
the imaginary roots with comparative facility. But if an 
equation of tho sixth degree, or one that has been dcprcsf^ed to 
that degree, has all its roots imaginary, tho method of Art. 219 
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appears Ui afford the rcswiicst Bolution. Wo can first, by that 
method, find Iho two greuLout of thcao roots ; then, by takiii<^ 
the cocflicicnts ia reveieo order, and repeating the process, wo 
obtain Lho reciprocals of the two smallcbt rools; finally, having 
thus determined four roots, wo can easily obtain the sum and 
product of the remaining pair, and tbixs determine them also. 

323. Theoretically tho dctcnnination of tho values of 
imiiginary roots may be ctfccted as follows. If in tho proposed 
equation /(x) = 0, we substitute a + (i '/H- 1 for x, we ob- 
tain (20) a result of the form F + Q V— 1 = ; hcnco we 
obtain two equations, P = 0, and Q = 0, each involving a 
and /3. As will bo shown in the next chapter, wo can from 
those equations always detcnnino the corresponding values of 
a and p. But, if f{x) be of the sixth degree, this method 
requires the formation and part solution of an auxiliary equa- 
tion of tho fifteenth degree, while, if /(re) is of the eighth de- 
gree, tho auxiliiuy equation rises to tho JJSth degree. 

EXERCISES. 

Find tho values ot >%, Sj, . ..Se, in the following equations : 

1. afi — dx^i- 62— 1 = 0. i. x* — 3x^—7x + 5 = 0. 

2. a? + 12x -{- 8 = 0. 5. 3fi + <j3^+5x^—x+2 = 0. 

3. X* + 2.^3— Hr*— 1t+ 1 = 0. G. a^ — Gx^ — 10 = 0. 

Find the remaining two roots of the following equations, tho 
sums Ki, and products «„.2, of tho other roots being given : 

1. X* — 8z^ + ICx' — a; — 2 = ; 

»fi = 7.804328, /C2 = 13.41414. 

2. a;« + 8:r' + Six' + 30a; + 30 = ; 

K, = —12.830412, Kj = 5.1420G0. 

3. .T* — lOar! — 20a; + 5 = ; 

«, = 1.173254, Kj = 17.335018. 

4. 3^ ^x* — lla:" — 3a.= + 23a; -t- 13 = 0; 

K, = 4.078823, K3 = —3.678823. 

5. a« - 3a:* — lOa;^ - lla:* -f- 121.T + 70 = ; 

«, = 7.073375, K3 = -8.14G750. 
0. a,-« - 19a:* — 22a,-3 + Six^ ■}■ 179.?; + 80 = 0; 

. «i = 4.027525, Ki = -20.306725, 
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ELIMINATIOIT. 

233. Two equations involving each two unknown qnan- 
tities X and y may bo denoted by F{x, y) = 0, and f\x, y) 
= ; tlicir solution consists in tho determination of tlio sys- 
tems of valuoa of x and y Tiliicb cause both equations to 
vanish simultaneously. In certain cases the solution is readily 
effected. Thus, if from ono of tho equations we are able to 
obtain an expression for tho value of one of the iinknown 
quantities, as x, in tenus of the other y, by tho eubstitution 
of this value for x in tho other equation we obtain an equa- 
tion involving y only, the roots of \vhich can be determined 
by methods already given , and these values of y substituted 
ju tho vxprcasion for x in terms of y, will give the corres- 
ponding values of X. 

Ex. 3?-{y + %)7?-^{y-^-2y)x-n= 0, 
a?— yx +2 =0. 

2 

From the second equation wo obtain y ■= x ■{ . This 

value of y substituted in the first equation gives us 

a:< — 2a;' -f- 4x' — 4a; — 8 = 0. 

Of this, one vnluo is x = 2, and for this value of a;, y = 3, 
which values cause both equations to vanish simultaneously. 
The other values of x, being determined, would in like manner 
give corrcspouding values of y. 

324. Also, if the first members of tho equations can be 
readily resolved into factors, the solution of the equations may 
be made to depend upon tliat of equations of inferior degrees. 
If, for example, we find F{x, y) = UU'U" = 0, and f{x,y) 
= VV = 0, then the systems of values that satisfy the pro- 
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posed equations may he obtained by sohing the Bimnltaneons 
equations i7=0andF=0; U=Q and F' = ; V'.= Q 
and F = ; U' - and F' = ; U" =0 and F = ; 
U" = and F' = 0. 

Let F{x, y) = x'y - {yi-Zij)x'-\. iy^ + 2y)x -y^- 27/ = 0, 

f{x,y)= 3? -{y + \)a?-(%-.y)x + 2 = 0. 
These may be resolved as follows, 

F{x, y) = {u? - xy + f) {xy-f-2) = 0, 
, f{x,y) = {x>-xy-2){x -f- y — 1) = 0. 

The systems of values that satisfy tbe proposed equations 
can therefore be obtained by sohing t)ie equations 

x>—xy + y^z=Ol, z^ — xy — y^z=0\^ 
a~»_aT/— 2r=0>, x + y—l—oi', 

a^y — 2/' — 2 = ) . a-y — 2/' — 2 = > 
x^ —xy — 2 —0 i , z+y— 1=0). 

225. But if one of the factors of F{x, y) is identical with 
one of the factors of f{x, y) ; if, for example, U and F are 
identical, then, obvionwly, any values of x and y that make 
U vanish TN'ill cause both the proposed equations to vanish 
Eimultancouuly. If U involves both x and y, we can assign 
any value we please to one of these unknowns, and determine 
the coiTCspondLng value, or vidues, of the other that will cause 
U to vanish, and thus obtain as many solutions as we please. 
If U involves only one of the nnknown quantities, we can 
satisfy tho equations F{x,y) = 0, and f{x,y) = by giving 
to that unknown quantity any value that causes U to vanish, 
and to tho other any value wo please. In order, therefore, that 
tho proposed equations be dctcrminato, that is, be satisfied 
by a limited number of corresponding values of x and y, they 
must not have a common divisor invohing x or y. 

220. To eliminate between two equations, each involving 
tho same two unknown quantities, is to deduce an equation, 
involving only one of these unknown quantities, the solution 
of which will furnish all the values of that quantity, which, 
taken with tho corresponding values of tlic other, satisfy the 
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proposed equationa. The equation thua deduced is called the 
final equation, and its roots are called suitable yaluca 

337. To eliminate one of the unknown quantilies letween 
two equaiiom involving two unknown quantilies ly means of 
Bymmctrical functions. 

Let p^x" + j),a;"-> + p.af-'^ H p^ = ^, \X\ 

qox"- + qisf-^ + q.,x^^ + . . . . q„ = 0, [2] 

be the proposed equations, in -which the coefficients po, pi, 

Pi,.... q^,qi,qi, are n),tional integral functions of y. 

Assume that we can solve equation [1] in respect to x, in 
terms of y, and that tlieso values are a, b, c, &c. By substi- 
tuting these values in equation [2], wo obtain n equations 
involving only y, namely: 

qaoT + (7iffl""' + !Z2«""' + — y™ = ) 

q^b'" + y, 5"-' + 5-2 5"'"' + . . . . !7„ = >- [3]. 

qoc"" + qic""-' + q2<f-^ + ....q„ = o ) 



In general the solution of [1] cannot bo effected ; but by 
multiplying together all the above n equations, we obtain a 
final equation which has for roots all the suitable values of y. 
For this equation will vanish for any of the values of y that 
makes any of its factors vaiiiih, and for no others ; and any of 
these is a suitable value. For suppose the first of the equor 
tions [3] vani:;hes for y = ft and that when (3 is put for y in 
the function a, the value is o ; then x = a, y z= (i will 
satisfy the two proposed equations, JSTow in the final equa- 
tion, which is the product of all the equations [3], the factors 
only change places when we intcrcban;yo any of the quantities 
.a, b, c, ...., thua tlio product is a tr/mmetrical function of 
these quantities, which may bo cxpicssod in terms of the 

coefficients jp^, pi, jh, of equation [1], and thus we can 

obtain the final equation in y which contains all the suitable 

values, oiul no other. 

♦ 

238. Though the preceding method of elimination has the 
merit of furnishing a final equation with aU the suitable values, 
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and no others, the "calculations reqiiired are bo tedious that 
the nu'tbod is not generally avuilablo. ■ Upon it is ba-ticd, how- 
ever, tho following theorem : 

321). Tlie degree of the final equation resulting from the 
elimination of one of the unk/town quantities letweeri two equa- 
tions of the m"" and n"' degrees, respectively, will not exceed mn. 

Let pnx^ +pi a-'-T* +pi'jr^ +....p„=z 0, 

g,x'" + q^x'^] + g^af-' +, . . . . q,^ = 0, , . • ■ 

be tho proposed equations in which tho coefficients ai"e. func- 
tions of y. Hero it is supposed that the sum of tho exponents 
of X and y docs not exceed n in any term of the first equa- 
tion, or m in tho second, so that a coefTicicnt p^ or y, is a 
function of y not higher than tho^r"' dL;,'ice. 

Suppose X to be eliminated by the method of Art. 228; 
then tho first member of tho final equation in y consists of a 
series of terras, each of which is the product of n factors, and 

is of the form 17, a'""'" x q.l)'"-' x q,c^''x Since (227) the 

series of terms forms a syramctncal function of a, b, c, , 

the aggregate of the terms, with exponents as aboYe, is, 

qrq,q( X a'"-' I/'"- (f-^ 

Now the degree of y in qrq.qi is not higher than 

f ^ s + t + , and it Avill be shov/n that the degree of y 

in Sa""'J"'''c"'"'. . . cannot exceed m—r + m—s-\-'m—t+.:, 
so that the degree of the whole product is not greater than mn. 
For from tho f(UTnula! in Art. 208 we see that S^,, for example, 
docs not contain any power of y greater than yP ; and from 

tho formuho in Art 211 a funclioa I.a''l/''c' will conUin 

powers and products of Si, S2, Skt-k+n-..^ in Pich tertn 

the sum of the letters subscript to S being h+k + l+ . . ; the 
degree of y in the function 2a°'"''6'"''c'""'. . . cannot therefore 
exceed m + r + m—s + m—t+...', henco no power of y in 
the final equation can bo higher than y'""- 

"',^'0. Altliough tho degree of y in tho final equation can- 
not exceed mn, it may in -certain cases be less. By an exten- 
sion of the process to any unmbe'r of equations we are led to 
the general theorem discovered by Bezout, namely : 
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If between any n\imbcr of cciuiitioha involving tho eamo 
number of unknowa quantities we eliminate all but one, the 
dogreo of the final equation ■will not oxcecd the product of 

the degrees of tbo origlt;'?! cquaLione. 

2Si. The. elimination of one of the unknown quantities 
between two^ equations is most conveniently effected by the 
following method, based upon the operation for obtaining the 
greatest common measure of two aVj;obraical quantities. 

To determine, the systems of values (hat will satiyfy two 
eqvdliorws invuhdrcj i.v:o vnkr.mcn quantities. 

Let F{x, y) =z and f{v, y) = bo two equations, which 
wo shall supp'jivO have no common factor and thus admit of a 
limited number of solutions. Suppose that a: — a and y = /3 
are values that satisfy these equations, then F{a,y) = and 
f{a, 2/) = arc both satisfied by y = P- F{a, y) and /{a, y) 
must therefore have a common mctisure which, equated to zero, 
will have for a root a value of y which, conjointly with z = a, 
will satisfy the proposed equations. Having therefore arranged 
both equations according to descending powers of x, wo pro- 
ceed by tho operation for the 0. C. M. till wo arrive at a 
remainder indo{x;ndent of x, e.aj <p{l/)- 

Now if no factors, functions of y, have been introduced or 
suppressed in the operation, so as to avoid having y in a denom- 
inator, •p(j/) = will comprise all the suitable values of y, and 
no others. For unless f{y) — 0, F{a, y), and /(o, y) have no 
common measure and therefore do not vanish simultaneously. 
But if it hc-s been necessary to introduce factors, functions of 
y, then some of the roots of rj>{y) — may not be suitable 
values, having been introduced with tliesc factors; and if 
factors have been suppressed, there may bo suiDable values of 
y not found among the roots of <p{y) = 0. 

233, A process by which the snitable values of y may be 
d>;tomili)oo is fnrnii'hcd iu tho folloviiug mctliod duo to M. M. 
Labaui.i an/J Ran'us. 

lict A -- ;:ad // ™ be tho two simultaneous equations, 
of Thk'.h iioith&r has a factor a function of y only, and i? is 
jiot of Lidier dimensions in x than A. Let c denote the 
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factor by which A must bo multiplied to make it divisible by 
B', let y bo the quotient, and rli tho remainder, where r is 
a function of y only. Let c, denote tho factor by which B 
munt be multiplied to m^ko it divisible by R, let ^i bo the 
quotient, and »-i7i', the remainder, where r, is a function of y 
only. Suppose that, proceeding in this wa}-, at the third di- 
vision we nrrivo at a remainder r^ independent of x. Thus 
wo have tho identities, 

cA=zqB + rR, \ 

CiB = q,R + r,R„ V [1]. 

C2R = qiRi+ n. ) ^ 

Let d be tho G. 0. M. of c and r, J, tho G. 0. M. of 

^ and ri, d-i tho G. 0. M. of ^~- and rj- We havo now 

to show that tho solution of tho equations .^l = 0, B = 0, 
will bo obtained by solving'tho equations : 



^ = 0), R = 0) , i?, = 0). 



[2]. 



I. All the solutions ohtaincd from this sydem of equations 
satisfy the equations ^ = 0, Z? = 0. 

Dividing both members of tho first identity [1] by d, we 
have 

La = ^B + ~R. [3]. 

d da "- ■" 

c v 

Since d is tho G. C. M. of c and r, —: and -r are integral 

functions of y, therefore also -^7? is an integral function; but, 

by hypotlio :i.i, li hus no factor which is a function of y o^ly, 
thereforo d must divide q. 

From [3] wo sec that tho values of x -m \ y that satisfy thn 
equations -7 = and B = make -jA also vanish ; but — 

and — havo no common factor, therefore these values make A 

d r 

vanish. Henco all the solutions of -y = and B = 0, satisfy 

^1 = 0, i? = 0. 
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"Again multiplying both members of the identity [3] by Ci, 
and substituting for cji ita equivalent from the second iden- 
tity in [1], we liaye 

a da 

The expression — — -f^ is integral, sineo r and q are 
divisible by d; the expression is also divisible by di, iot di 
diviil?3 ~j- and ri, and does not divide R. Divide by di, 
then puttin^j M for — and Mi for ' T, , we have 

Illultiplyiug both members of the second identity [1] by -j, 
we havo ccx „ cqi „ , c „ 

Since di divides —- ^^^ ^if ^^ "^''^^^ divide — y^iZ; but R 
is not divisible by di, therefore -y^ must be so. Dividing by 
di and putting iV for -j- and iV, for ~j^-, we havo 

^B-^N.R^lNR,. • [5]. 

The identities [4] and [5] show that all the values of x and 

T% C f f ft 

11 that make -r and R vanish make -rr-^ and -r-r-' vanish, 
^ di' ddx ddi 

but ~rT and -r have no common fiictor; therefore all the 
ddi Ml 

solutions of the equations -j = and iZ = satisfy the 
C([uation3 ^ — 0, B ■= 0. 

In the same way, if we multiply both members of the idon- 
tic3 [4] and [5] by c,, and subsUtutc for CiR its equivalent 
from tlio thii'd identity [1], we obtain 
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where J/j and N^ aro integral functions of x and y. From 
those identities wo see that all the soluHona of the equations 
^ = and J?, = 0, satisfy the equations A = (), B = 0. ' 

II. All the values of x and y thai satixfij the equations 
yl = 0, ^ = are included , anwng the solutions obtained 
from the systems of equaiio>is [2]. 

The identity [3] may he -written 

jVA - 3fn = ~-n. "[8]. 

Multiply [4] by B, [5] hy A, and subtract, then 
'(i¥,i? - N-^A)R + {MB - NA)^R, = 0, 
therefore, by [8], 

{M,B - Na)R - ^fRRi = 0, 

therefore ^ 3IiB — N^A — TIlR.. rgi. 

. ddi "- -* 

In the Eame way, from [6] and [7], we may deduce 

This last identity shows that all the values of x and y that 
lake A 
equations 



make A and B vanish make -7-7— r vanish. Ilcnco the 

a « 1 a 2 



d - ^' rf, - "' d,~ "' 

supply all the suitable values of y. 

BuppoBO that X = a, y = (i are values that satisfy the equa- 
tions yl = 0, i? = 0, then 

T 

(1). If /3 is a root of the equation -r = 0, then the values 
x = a, y = P evidently satisfy the equations -t" = ind 
^ = 0. 

(5J). If is not a root of -3- = 0, but ia of t- = 0, then, 

gincc Z. docs not vanish when y = p, it follows from {8] that 
d 
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the values x-=.a, y — P, make E vanish ; thus they satisfy 



■^ = and J? = 0, 



T 7*1 

(3). If /J is not a root of the equation t- = 0, nor of -j- = 0, 

(t (It 

but is of the equation -^ = 0, then, since -t-t does not 
'■ dn adi 

vanish when ^Z = i3, it follows from [9] that the values x = a, 

y = P make Hi vanish; thus they satisfy the equations -r = 

and 7?i = 0. 

The equation —r-r-r = 0, which furnishes all the suitable 
^ ddidi 

values of y, may bo called the fmal equation in y. 

233. If, instead of a final remainder in y, we arrive at a 
remainder zero, this shows that A and B have the preceding 
remainder, say 72,, as a common factor. Then, as wo saw in 
Ai-t. 225, the equations ^ = and /? = will be satisfied 
by an unlimited number of values of x and y derived from 
the equation i?i = 0. By dividing by this common measure, 

we obtain -=- and -jr-, which have no common factor, then -yr = 

and -,,- = will bo satiBficd for a limited number of values 

of X and y, which may be fonnd as above. 

If the final remainder ia a mere number, say I, then the 
equation Z = being absurd shows that the proposed equa- 
tions ore incompatible with each other. 

Ex. 1.0? + Zy7? + {Zif-y + l)x + yo - yJ + Zy = 0. 
a^ + 2yz + y'' - y =0. 

Hero the first remainder is x + Zy, so that r = 1 ; the 
second remainder is j/' — »/, wliich is independent of x. All 

the solutions are furnished by -j- = and E = 0, that is, by 

the equations y' — y = 0, and x + 2y = 0. 

Ex. 3. a;» -I- 2yx' -|- 2y{ij—'Z)x + ji' — 4 = 0. 
a? + 2yx +2if — 5y + 2:=z 0. 

Tlio first remainder is {y~~){x + y + 2) ; bo thai, r = y— 3, 
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R=zx + y + Z- the second rcuu-vindcr is y^ — 5y + C, -whicTi 

is independent of x. All the solutions are furnished by - = 

and B = 0, that is, by the equations y — 3 = and s? + 2xy 

+ 2j/2 — 5j/ + 2 = ; and by -^ = and iJ = 0, that is, 

hj x^ — r,y + G = and x + y + Z = 0. The final equa- 
tion in 2/ is (y — 3) (y' — 5j/ -f- 6) = 0. 

Ex. 3. u^+3yx'-3x' + 3y^z~Gyz-x~y''-3f-y + d = 0. 

x'' — 3i/x^-\-?.j''+3y'x~nyx~x~jf + :hf + y—3 = 0. 
^ The firat remainder is 2 {y — 1) {3x^ + y^~.2y — d); the 
second remainder is 8 (?/' — 'Zy)x ; the third, which is inde- 
pendent of X, is y' — 2y — 3. TJie solutions are furnished 
by the systems of equations, 

y— 1 = and x^-'3yx^ + dx'> + 3yh:-(jyz-x-y^+3yUy-Z = 0; 
y^ — 'iy — Q iiiid :!./;' + yJ — 2y — 3 = ; 
2/« — 2w — 3 = and a; = 0. 

The final equation in y is [y—l)[y'i—2y){y^—2y~3) = 0. 

Ex. 4. j/.^' — (y^ — 3 J/ — l)x + y ==:0. 

x^— y^ + 3 — 0. 

The first remainder is x + y; the second is 3 ; the proposed 
equations are tlicrefore incompatible. 

EXERCISES. 

Solve the following equations : 

1. x' — x>+ (2if — 34)2; — 2y^ -f 34 = ■) 
x^-{y + 7)x~2y> + iy = > ' 

2. (y _ l)a;J J- yx + f — 2y = \ 
{y-l)x +y = r 

3. a= + (8^/ - 13)a; + ^ - 7y + 13 = V 
a;S _ (4y + 1)2; + t/' + 6y = >' 

4. (y - 1)2.-' + 2/(y + 1)2^ + (32/2 + t/ - 2)2 + 2y = ) 
(y-l)a:^ + 2/(3/ + l)a; + Sy' - 1 = > 

5. (y _ 2)3:2 — 2a; + 6y — 2 = ^ 

2/2;' — 52; + 4y = ) ' 
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Page 4. 

1. /(O) =-13, /(I) = - 7, /(2) =z 71, /(3) = 209. 

2. /(O) = 18, /(I) = 20, /(a) = 040, /(3) = 741C. 

3. /(O) =-16, /(I) =-51, /(a) =-2C8, /(3) =- 511. 

4. /(O) = 4, /(I) =-7, /(2) =-528, /(3) =-7031, 

5. f,{x) = w (»— 1) .... (n_r + j)(7„2r-' H- (n— 1) (w— 2). . . : 



Page 15. 



1. /{3) =. 

2. /(4) = 

3. /(5) = 



184. 
■ 198. 
-1C4G. 



4. /(-2) 

5. /(ll) 



1449. 
85814389. 



Page 37. 

1. f(x) = {x-Z){x-Z){x-^){x + 1). 

2. /(x) = (a;-8)(2:-5)(a; + 4)(z + 2)(a;+l). 

3. /(z) = a;s — 93a; + 308 = 0. 

4. /(z) = a:* — 12x8 ^ .iOar^ — 782: + 40 = 0. 

1 5. f{x) z=3* + A7?— 79a;' — lOGa; + 840 = 0. 
C. f(x) =0? — 2b2* + 2202» — 832a;' + 1480x - 1600 = 0. 

Page 38. 

1. s = 3 - a/^, - 3 ± VVi. 

2. a; = - 5 - -Z^, i (5 ± V^). 

3. a; = i(? + a/^:^), tV(5 ± V73'). 

4. a; = HI - V^^), - Ml ± V^^i). 

5. a; = 4 - V^, - 2, - 0. 



i'^s alqebraical equati0k8. 

Page 33. 
1- a; = 3. 4. <r = 2, 5. 

2. a; = 5. 5. a; = 6. 

3. a; = 4. 

Page 37. 

1. a:« — 7a:< + 3^ + 5 = 0. 5. v'^+ ^ + ,?/'— '/— 2 = 0. 

2. a:* + 11 j} — -e — 2 = 0. C. 'Jx'»-,c'' -i«- (i.r + 1 = 0. 

3. 7ya> + 3ifa=-5ys-7 = 0. 7. (1 - a;) (1 + a)' = 0. 
. ^ 2!/=' f |i/« + 3 = 0. 

Page .3». 

1. j/» — 3^' — 55y — 600 = 0. , 

3. y9 — 54.if + 1470 = 0. 

• 3. ys - 2357y« + 307000^/ — 745000 = 0. 

4:. y* + 2G25j'' — 154350y + 22509375 = 0. 

Paqh _'11, 

6. The roots occur in pairs diffcriTig only an sign, thus 
/{— a;) = ia idoDtical with f{x) = 0. 

Page 43. 

1. lly' — 20/ + 5y — 3 = 0. 

2. 15y* + 12if + 54/ — 7 = 0. 

3. 23/ - 7/ — 32/ + 17j/ - 1 = 0. 

Page 44. 

1. a" — 1452;« — 22i* — 15G2« + 25 = 0. 

2. 25x8 — 1702^ + 47t)x<— 11752;3 + 3G1 =-- 0. 

3. a;io _ 54a;8 + s57a.-« — C156a:* f 579Ca72 + 625 = 0. 

Page 47. 

1. / + 5/ - 2/ + .S17y + 4050 = 0. 

2. / + 81/ + 332/ + blZy + 327 = 0. 

3. 11/ + 147/ + 708/ + 1480^ + 1191 = 0. 

•1. 3/ + 47/ + 313/ + 1008/ + 1780y + 10-13 =- 0. 
5. 8/ — 200/ + 2000/ — 9922/ + 24113w — 23055 = 0. 
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Page 48. 

1. ys - 33?^ — 71 = 0. • ' ■■• 

2. y> — 2757/ — 1692 = 0. 

3. f -f 188y + 1807 = 0. . . - : . 
i. f~ 17V — 1201?/ — 2549 = 0. 

5. y* — 72(;.v' — CGIC!/ + 00-15 = 0. 

Page 53. 

1. Snjxirior limit 2, inferior limit — 15. 

2. Superior limit 4, inferior limit — 6. 

3. Superior limit 5, no negative root. 

4. Superior limit 4, inferior limit — 5. . ' . 

Pagb Oi. 

1. f{x) - (a;-2)=(a;-3) = 0. ' 

2. /(a;) = (^-|)'(a; + 6) = 0. 

3. f{x) = (s; — 5)n»' + lOzr + 3) = 0. 

4. /(a;} — (a; _ 1)3 (2zS — a: — 1) =0. ' ■' 

5. f{x) — .(V — 22; — iy{x + 5) = 0. ■ 

6. f{z) = (ar* + 3z 4- l)Ma;«— Gx + 12) = 0. 

Paoe C7. 
The reduced equations are : 

1. 3f —1y+ 25 = 0. 4. 2y» — lly — 2 = 0. . 

2. 5?/' + 82: — 60 = 0. 5. if—23y — l = 0. 

3. y' + 13y — 40 = 0. 

Paqh 74. 
-1. aj^-i/s, -^(liv'Hs)^. 
2. a; = i: ^ (V^ ± \/^^)\/2. 



3. x^V^, i(V^-l± V -10-2\/ !)v^, 

4. a: r^ ± -^2, } (1 ± '/^})y% - HI ± V- 3) V^ 

5. i? = }(V5 - 1 ± V - 10-2 V'S ), 

-i(l/5 + l±'^-10 + 2\/5). 

6. Multijily the roots iu (5) by ± ■v^. 
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Page 74. 

7. The roota aro all the products, with changed signs, of 

the roota of a^s — 1 — and a^^ — 1 = 0. 

8. Multiply the roots in (7) by — '-v/20. 
The depressed equations are : 

1. ;^ + ^ _ 3y _ 1 = 0. 

2. y* - s^ - 3y» + Sy - 1 = 0. 



4. 2^ + 2' + 1 = 0. 


- 1 — 0. . 


Page 
The real roots are : 


82. 


1. cc = —.32748... 


4. a; = —.696549. 


2. X = 4.107243... 


b. X — 2.570222... 


3. a; = .896922... 


Q. x = - 3.89G025 



Page 86. 

1. a: = 5, -2, -i(3±\/2l). 

2. .T = i(l± v'^Hj, -^(l±^/33). 

3. a; = 2, — 4, 1 ± 2 \/^._ 

4. a: = i(7± V37, i(5 ± -v/l7). 

5. a; == -i\r (3 ± V69), - H5 ± 'Z^^^)- 

Page 95. 
The depressed equations are : 

1. ^ + a; = ± (2a: + 23). 

2. ^-^,= ±(^. + 15). 

3. ar" — 4a; + 2=±5. 

17 , 23 

4. a;2 — 10a; + Y = ± y 

7 . ,13 

2 .^ 

7. a:' + 12:r' - ^ - |- = ± (s^a; + ^j. 

8. a:3 _(. 3^8 = ± (4a; + 5). 
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Page 105. 

1. [4, 5], two imaginary roots. 

2. [6, 7], two imtigiimry roots. 
o. [", 8], two imaginary roots. 

4. i_.G, -.5], [~.5, -.4], [2,3], [4,6]. 

5. Roots all ima^nary. 

6. [0, 1], four imaginary roots. 

Page 125. 

.6458252, .6458290, — 52.C458252, -100.6458290. 

.4142852, .4142843, —72.4142852, -142.4142843. 

.7321401, .7321 no, —114.7321401, —170.7321410. 

,8285000, ,8?<S5C59, — 74.8285C0G, -144.8285059. 

..449970.5, .4499701, —84.4499705, —102.4499761. 

■.23G0G80, .23C0GC3, — 4.23C0G80, two imag. roots. 

.1414284, .1414240, —14.1414284, two imag. roots. 

.239G7G9, .239G118, —54.230G7C9, two imag. roots. 

.4422711, .442249G, —90,4422711, two imag. roots. 
.5012971, .5G12977, -158,5012971, two imag. roots. 

Page 14G. 

2.G18034, .381960, —4.561552, —.438447. 
5, 3.938004, —.123492, —3.804512. 
6.854102, .H5S98, —.298438, —6.701563. 
5.645751, 6.G4;jG.:.l, .351249, —13.643051. 
17.440307, .732051, —2.732051, —3.440307. 
-.208712, —4.791288, two imag. roots. 
6.282G81, 1.883579, two imag. roots. 
4.82843, 3.75877, —.69401, —.82813, —3.00418. 
.700203, —2.41742, -14.58258, two imag. roots. 
5.650854, 5.C5CG53, —5.656854, two imag. roots. 
4.13293.3, .102278, —6.162278, two imag. roots. 
68.G3515, 4.63519, —2, —30.63519, —40.63515. 
3, 3, 4.073375, two imaginary roots. 
2.87039, 2.87293, —.53209, -.05271, -4.87298. 
4.73265, 4.73205, 1.2G7949, -4.38548, —9.34717. 
] 2.328863, 12.a28328, -12.328828, two imag. roots. 



1. 


X 


2. 


X 


3. 


X 


4. 


X 


5. 


X 


6. 


X 


7. 


X 


8. 


X 


9. 


X 


10. 


X 



1. 


X = 


2. 


X = 


3. 


X - 


4. 


X - 


5. 


X = 


6. 


X = 


7. 


a = 


8. 


X- = 


9. 


X - 


10. 


X = 


11. 


X - 


12. 


X - 


1.3. 


X - 


M. 


X ^ 


15. 


X " 


IG. 


X = 
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17. 

18. 
1!>. 
20. 



-1.'17848, -2.94.383, 



Page 140. 

ic =0.18658, 2.16601, .78281,,. 

— 4.C081. 

X = 10.09902, 3.67882, 2, -.90C98, t^'o imag. roots 
X = 3.80295, 3.80204, four imr-. roots, 
a; = No real roots. 



Page 153. 



X 

X 
X 
X 
X 
X 
X 
X 



1. 

3, 
3. 
4. 

5. 

e. 

7. 
8. 

9. X 

10. X 

11. X 

12. X 

13. X 

14. X 

15. X 

16. X 

17. X 

18. a: 

19. X 

20. a: 

21. a; 

22. . X 

23. » 

24. X 

25. a; 

26. X 

27. a; 

28. a; 

29. X 



1.879385, 

8.007741, 

7.C85514, 

7.732G5, 

3.1CG011, 

2.145102, 

7.549S59, 

2.C69443, 

9.G70143, 

9.257633, 



— 1.63209.* 

— 7.864837. 

— 0.431126. 

— 6.347169. 

— 2.948828. 
■ — 2.660079. 

two imaginary roots. 

— 3.24cVl2. 

— 7.6397?';. 

— 9.395601. 
17.414050, ^two imaginary roots. 
10.570921, —7.332814. 

— 4.073375, two imaginary roota 
9.723306, — 9.562042. 
7.420014, — 7.545019. 
3.886699, —6.146939. 
6.8312004, two imaginary roots. 
4.608100, —6.186583. 
3.938004, —3.804512. 
3.678823, two imaginary roots. 
8.970396, —7.747852. 
4.081165, -3.09226. 
3.668800, —5.426743. 
8.713102, -8.606420. 
6.626123, —G. 486525. 
9.906962, —9.356784. 
10.570917, —7.332828. 

13 . 41 27R8, two in-.nginary roots. 

— 12.105179, two imaginary roots. 



• The n-'nialuiug root Is easily found by Babtraction. 
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Page 152. 

30. X = n.00G912, — C.2.n47r>. 

31. «= 13.897578, —9.130393., 

32. X = — 4.03'; 525, two inagiiiary roots. 

33. a; = 11.97G841, —14.014402. 

34. X — 13.099870, — 9.719C21. 

35. X = 14.2437Sr,, -12.704220. 
30. X = 20.429025, —22.171735. 

37. X r= 9,991179, two irnnginiiiy roots. 

38. X = 19.4H8-!-i5, —17.500218. 

39. X = 10.388155, —13.902291. 

40. X = 11.003075, two imaginary roots. 

41. X — -13.131002, two imaginaiy roots. 

42. X = 12,015331, -8.215575. 

43. a; = 20.679053, —25.310054. 

44. .r = 24.5008-2 1, —22.984299. 

45. X = 20.318709. two imaginavy roots. 
40. X = —25.070094, two imaginary root* 

47. X =z 27.00G09G, —13.558083. 

48. X = 30.007720, —29.592320. 

49. X = 37.38S."'-.5, two imaginary roots. 

50. X — —24.077507, two imaginary roots. 

51. X = 18.72."4001, two iinagiiiar)' roots. 

52. X — 25.19023-i, 18.470444. 

53. X = — 5.312233, two imaginary roots. 

54. X — 23.213112, 23.229537. 

55. X = 28.5212'<7, 10.231939. 
5G. X = 1.353G88, 1.023502. 

57. X — 3.8373.34, .931099. 

58. X = il.lUl'.'/M; two imaginary roots. 

59. X = .405)01, two imaginary rooLi. 
00. X = .33:521277, 21.231939. 

PvOE IGC:. 
The required sums of the roots are ; 

1. 13, 38, 117, 370, 1180. 4. 9, 48, M5. 4H3, 1740. 

2. -3.1,-24,288,480,-3204. .5. -12, -1.5, 70, 140, -393. 

3. 10, -14, 40, -92, 250. C. 0, 18, 0, 50, 108. 
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Page IGG. 
The remaining roots of the proposcd'eqnations are ; 

1. .4384.17, — .302775G 

2. 2.41C199, 2.AWni. . 

3. .208713, — 1.381 0CG. , 

4. — ^(3.07882 ± V— .6 011G9 ). 
.5. — i (4.07338 ± V— 17.7715 ).- 

6. — i (4.02753 ± V— .GG2873). 

Page 175. ' 
Tho solutions are given by the equations : 

1. a;5 + 2j/2 — 34 = > ar^ + 2^! — 34 = ) 
x + y — t = 0yx-2y =0)' 

z — 1 =0) a:— 1=0 



= 0) X — 1 =01 

= I ' a; - 2m = ) ■ 



z + y—t — y x^— 2y 

2. yi — 2y = and (y — 1) a; + y = 0. 

3. y - 1 = } 

a^ _ (4y + l)a; + y' + 5?/ = T 

a; - 1 = I 

2:2 _ (4y + l)x + 2/' + % = r ■ 

4. 1/S — 1 = and (y — 1) a; + 2y = 0. 

5. (3y-10)rr + t/' + Cy = 1 
y* + 12y3 + 87y' — 200y + 100 = > ' 



1 i:jrsi 



, I', 



